ON THE LIMIT OF THE DEGREE OF PRIMITIVE GROUPS* 


BY 


W. A. MANNING 


To the theory of multiply transitive groups Bocuerrt has contributed formule 
for the upper limit of the degree of a group when the number of letters dis- 
placed by a substitution in it is known.+ But for simply transitive primitive 
groups a corresponding theorem of such elegance does not exist.¢ However, in 
the present paper is offered a theorem with some claims to simplicity. It may 
be stated thus: 

If a simply transitive primitive group contains a substitution of prime 
order p and of degree pq (q less than 2p + 3), its degree is not greater than 
the larger of the two numbers gp + ¢F@ —q,2¢° —p’- 

Also when the given substitution of prime order has more than 2p + 2 and 
less than p* cycles or when p is 2 or 3, our results are capable of fairly concise 
expression ; but when g exceeds p*—1 and p is greater than 3 the corresponding 


upper limit is unfortunately a more complicated function of p and q. 

The subject matter of this study is not restricted to the simply transitive 
primitive groups, but it is proposed to find an upper limit for the degree of 
some transitive subgroup of a primitive group known to contain a substitution 


of order p on qp letters. It seems unnecessary to state that a simply transitive 
primitive group has no transitive subgroup of a lower degree. 


A property of transitive groups generated by substitutions of prime order. 


1. Let s,, 8,, --- be certain substitutions of prime order that generate a 
transitive group G.§ For the sake of brevity of statement we may assume that 
all substitutions of G which are similar to s,, s,, --- have been added to and 


* Presented to the Society, Chicago, December 31, 1909. 

+ BocHERT, Mathematische Annalen, vol. 40 (1892), pp. 176-193 ; vol. 49 (1897), pp. 
133-144. 

{JorRDAN, Bulletin de la Société Mathématique de France, vol. 1 (1873), pp. 
175-221 ; Crelle’s Journal, vol. 79 (1874), 248-258. The latter should be read in connec- 
tion with the present paper. See also MANNING, Bulletin of the American Mathe- 
matical Society, vol. 13 (1907), p. 373. 

§In the American Journal of Mathematics, vol. 28 (1906), p. 226, the author 
imposed the condition that G is invariant in a primitive group. In these Transactions, vol. 
10 (1909), p. 247, that condition was removed, but it was assumed that no substitution s,, 89, - 
has more than p—1 cycles. In the present investigation both these restrictions are removed. 
Note that the substitutions s,, s,, -+- are not said to be similar or yet of the same prime order. 
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are included in the series s,, s,, ---. Of these substitutions let s,, s,,---, 8,, 
say, generate an intransitive subgroup //, of G. If an arbitrary choice is made 
of a transitive constituent of /7,, it will ordinarily be possible to find among the 
substitutions of the series s,, s,, --- a substitution s,,, which replaces one of 
the letters of the arbitrarily chosen constituent by a letter of some other set of 
H,. We seek the conditions under which it is impossible to affirm the exist- 
ence of such a substitution. 

Let the selected set of letters of 7, be a,, a,,---,4,,. By hypothesis there 
is no substitution in the series s,, s,, -.- which replaces a letter a by a letter 6, 
where } represents any letter displaced by //, but not belonging to the set a. 
However, there must be at least one substitution in the series s,, s,, --- that 
replaces an a by a letter a new to //,, since G is transitive, and otherwise one 
of these generators would replace an a by a b. It is conceivable that there are 
a number of substitutions s,,, that replace an a by an a. Let us select from 
8,, 8,, +++ one that adds the least possible number of new letters to the set a. 
We may impose a second independent condition that s,,, shall displace, in the 
eycles which do not involve letters «, as small a number of new letters 8 as 
possible. If no substitution s,,, unites the extended set a of /,,, to some other 
set of /7,,,, we select s,,in the same way. We may continue thus until we can 
find a substitution s,,, which replaces a letter of the extended set a,, a,, --- of 
H,,, by a letter of some other transitive constituent of H7,,,. Let a,, a,, +++, 
be the letters of the set a,, --- of /Z,, which we shall call the set a. 

2. If p, the order of s,,,, is an odd prime, and if s,,, may be so chosen that 
it has not more than one letter new to #7, in any cycle, then we can show as 
follows that there is a substitution s in the series s,, s,, --- which replaces a 
letter of the set a of H/, by a letter of another set of H/,, contrary to the hypo- 
thesis on which the group //,,, was set up. Thus of course we may not have 
$,,, = (a,5,---+)-+++, where 5, is one of the letters (b) of /Z, not included in 
the seta. If s,,,=(a,8,---)---, where a, is a part of the set a,, a,, --- of 
Hf,,,, and 8, is a letter of /7,,, but not in the set a,, a,, --- nor yet in #7, 
then sz}, s,,,8,,, replaces an a of H, byabof H,. Ifs,,,=(a,8,---)--+ or 
(a,b,--+)+++, the same is true of s7',s,,,s8,,, or else of s,,,s,,,8,',. If 
p=2 and s,,, replaces an a by an a, the same result follows. For let 
8.,,=(a,8--- and where perhaps a =a". Some 
substitution //, transforms s,,, into (a”8--- and =(a@b---). 

3. Now consider the substitution s,,,. It bears the same relation to //, as 
s,,, does to H,. We first note that every power of s,,, replaces an a by an a. 
If there are two letters a in a cycle of s,,,, in a certain power s/,, these two 
letters a, and a, are adjacent. Now one of the generators of s~*, //,s;,, will 
replace a letter a by an a unless s{,, replaces each one of the n, letters a,, 


a,, +++, 4,, by a letter a, new to /7,; if every a is followed by an «@ and if 


4 

j 
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there are two letters a in the same cycle, s),, = (a,2'+--a,a---)--- and 
si” = (a,a,---aa".--)-+-. Hence s,,, either has at most one a in any 
cycle, and also at most one B in any one of the other cycles, or s,,, is of the 
type 


and in this second case we should note that the minimum number of new letters 
displaced in cycles with a,, a,, -+-, @,, by any substitution of the series s,, s,, 
-++, which connects letters of the set a of H, with other letters, is equal 
to the maximum number of such new letters. 

4. It may be possible to find a substitution ¢ that replaces an a by an a and 
an « by some letter @ not one of the letters a,, a, ---+, @,,, and such that both 
and tH,t~' are subgroups of G. Consider the group t~' #7,t. One of 
the generators o (a member of the series s,, s,, ---) of t-'//,t replaces an a by 
a letter not belonging to the set a. This is clear since the set of letters in 
t-' Ht which takes the place of the n, letters a of J7, is now composed of two 
classes of letters, letters @ and not-a. Then o is of the type (4) with the x, 
letters a involved in exactly », cycles, and the remaining places in these cycles 
are filled by letters new to //,. Hence 


that is, ¢ replaces an a by an a, an a by a new letter a, and some letter b of /7, 
by a letter new to /7,, so that ¢/#/t~' leaves fixed the letter a’, and one of its 
generators (belonging to s,, s,,---) replaces an a by a not-a. This not-a 
cannot, by hypothesis, be a b from //,, and is therefore an a. But since 
tH7,t~' leaves one a fixed, this generator is not of the type (A). Hence, when- 
ever a substitution t can be set up satisfying the conditions stated, the substi- 
tution s,,, of prime order p has at most one new letter in any cycle. 

This is trivial when p = 2, for then the maximum number of new letters a in 
is of type (A): 


a cycle is one. But suppose that s, ,, 


and let us consider the group ¢-' /7,¢. From this it follows that ¢ has the form 
displayed above. The transform of //, by ¢~' gives a substitution belonging to 
the series s,, s,, --- which leaves fixed one of the letters a, and replaces at 
least one of them by a letter a. Thus when p= 2 the minimum number of 
new letters a is not in excessof n,—1. If there are two letters new to //, 


in any cycle of s,,, (of order 2), s,7| /7,s,,, leaves those two new letters 


fixed and one of its generators replaces an « by an a and an a by an a, since 
2 


than the number of new letters that s,,, connects with the a’s, that is, than 


has not more new letters in the set which takes the place of a 


n,—1. 
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5. It will be convenient to have a summary of the preceding results. We 
recall that s,, s,, --- are substitutions of prime order that generate a transitive 
group G', and that s,, s,, ---, 8, generate an intransitive subgroup //, of G. 


The letters a,, @,, +--+, @,, compose a given set of intransitivity of 77,. If it is 


impossible to find a substitution in s,, s,, --- that connects another set of //, 
with the set a, we pass to the study of the group 7. Now //, coincides with 
or includes //, and while the set a,, a,, ---, @,, may contain more letters than 
the set a,, a,, ---, @,, of H,, it includes no letter of any other set of /7,. But 
if there is no substitutiion among 8,, 8,, «++ possessing the required property 
(of connecting the set a,,a,, --- of H, with another set of H,), all the substi- 
tutions of the series s,,8,, +++ that replace one of the letters a,, a,, -++, a, 


by a letter not a member of this set must be of the type 


Wk 
None of the letters « in (A) are displaced by 1/,, or @ fortiori, by H,. 

But we have another condition. Among s,, s,, --- there certainly exists a 
substitution that replaces an a of H7, by a letter of another set of //,, provided 
a substitution ¢ can be set up that replaces an a by an a, and an a by a not-a, 
and having in addition the property that the two transformed groups ¢~'/7, ¢ and 
tH,t~' are both subgroups of G. In particular @ itself contains such a substi- 
tution ¢ whenever «,, @,, ---, @,, do not form a system of imprimitivity of G. 

This is only a partial solution of the problem proposed, but it is sufficient for 
our present purpose. 


Other properties of the prime generators of a transitive group. 


6. Suppose that there is in the series s,, s,, --- a substitution s,,, that 
replaces a letter of any given set of //, by a letter of ZH, not belonging to that 
set. From all the substitutions of the series s,, s,, --- which replace an a by 
a 5, let us select those which displace the minimum number of new letters. 
Now suppose that one of these substitutions thus selected is such that every 
power replaces an a by ana. From this hypothesis we shall conclude that 
8,,, has at most one new letter in any cycle. Let new letters be denoted by 
a, whether they are transitively connected with a,, a,,--- or not. If s,,, has 
two letters adjacent in any cycle, s;', //,s,,, leaves fixed the second of them, 
so that by hypothesis //’ = { H,s,.., } 
to s,, 8,, which replaces an a But has letters a and letters 


can have no generator (belonging 


in the same constituent, and all that we can affirm of this constituent is that it 
is a transitive group generated by certain substitutions of prime order. Bearing 
in mind the results of §5, we know that there must be a set of letters 
+++, including the set a,, @,, +--+, such that all the 


generators of //’ which replace a letter of the set a,,@,, ---,a@,, by a letter 


n 
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not in that set are of the type (A). Now s,,, replaces an a by an a and an a 
by a 6, that is by a letter not in the set a,,4,, ---,4,,. By hypothesis s,_ 


n 


1 
has the three sequences a,b,,%,%,. Since //,s,., has at least one 


substitution of type (A), s,,, 


b,a,. Now consider the group //” = | H,. s,., H1,s~',}. Sinee H” does not 
s,, of replaces an a 


must also have the two other sequences a, a, and 


displace a,, no substitution (belonging to s 
bya b. But s,,, 47, 


replaces an a by a not-a, no matter how far we have extended the original 


leaves fixed a, as well as a, and a generator certainly 


set H, by new letters. That is to say, when we have formed 
the extended set a,, +--+, in the constituent a,,@,, --- of #7”, among 
the generators of s,,,//,s~!, there is a substitution connecting other letters 
with the letters a,, a,, ---, @,, and which is not of the type (A), inasmuch as 
it leaves fixed one of the letters a. Therefore, s,,, has not two new letters 
adjacent in any cycle. If there are two new letters in one cycle of s,,,, some 
power s‘,, brings them together. From what has just been said it follows that 
in no ais followed by or preceded by ab, but = (4,2, ---b,a,+++) +++, 
and si”, = (a,b,---a,a,-+-)++-+, which again is the case fully discussed. We 
have proved that if one of the substitutions s,, 8,, ---, which replaces an a by 
a band displaces the minimum number of new letters, has the property that 
no power of it replaces every a by a not-a, then there is at most one new letter 
in any one of its cycles. 

7. If bb’, ---, © are sets 6 of H, which have at least one letter in the 


same cycle of s,,, with a letter « (a arbitrarily chosen), and unless s,,, has a 


i+l 


power which replaces every 6’ by a not-b’ for at least one of the sets b’, b”, ---, b”, 
then s, 


i+] 


has at most one new letter to a cycle. This is an easy inference from 
the preceding section. 

8. Let s,,,, one of the substitutions s,, s,, ---, be chosen subject to the 
conditions : 

(1) It unites at least two sets of /7,; 

(2) it displaces as few new letters as any substitution that satisfies (1) ; 

(3) it unites as few sets as any of the substitutions satisfying (1) and (2); 
then if s,,, does not displace all the letters of all the sets united it has at most 
one new letter to a cycle. This follows from § 6. 

9. We again select from s,, s,, --- those substitutions which replace a letter 
of the set a of H, by a letter of some other set, and which displace the minimum 
number of letters a, new to H, (assuming that at least one such substitution 
exists). What follows if one of these substitutions (s,,,) has a cycle composed 
entirely of new letters? As a matter of notation let 5,, s,, ---, 3,,,, H,, ete., 
be the substitutions and groups remaining after the erasure of the letters of 
{ H,, 8;,,} that do not form a part of the set a,,a,,---. The group &,,, 
generated by the conjugates of //, is invariant in /7,,,, and the constituent A,,, 


i 
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is invariant in //,,,. If X,,,, is intransitive its sets of intransitivity are systems 
of imprimitivity of //,,, and these systems are permuted by s,,,. If ,,, is 
transitive, we note that, since A’,,, leaves fixed certain letters 2, no generator 
(belonging to 3,, 3,, ---) can replace an a of HW, byab. Then X,,, has asub- 
group H,, the set @,, OF which is a system of imprim- 
itivity of H7,,,. Since &,,, 
-++ by another system. Hence the result: 


replaces an a by a 4, 3,,, replaces the system 


itl 

If s,,, connects transitively a given set a of H, and another set, and dis- 
places the minimum number of new letters, it cannot contain a cycle composed 
entirely of new letters unless it actually displaces the n, letters a and has 


not more than one letter a in any cycle. 


Applications to primitive groups. 

10. Now let s,, s,, --- be a complete set of conjugate substitutions of prime 
order p and of degree pq in a primitive group. The subgroup {s,, 8,, ---}, 
because invariant in a primitive group, is transitive. As before let all the sub- 
stitutions of {s,,s,, ---} that are similar to s, be associated with the original 
set of generators s,, s,,---. Since we have to do with a primitive group in 
which {s,, 8,, ---} is invariant, there exists a substitution ¢ satisfying the 
conditions of § 5, and in consequence there is in the series s,, s,, --- a sub- 
stitution s,,, that replaces a letter of any given set of H, by a letter of //, not 
belonging to that set (an a by ad if we continue the former notation). Let 
N, be the degree of H,, c, the number of its transitive constituents, and as 
before let n, be the degree of the constituent @. We shall make use of a num- 
ber @ which represents 2p/(p—1) when p is odd, but is equal to 2 when p is 2. 
Again suppose that we have before us all the substitutions of the series s,, s,, - - - 
that (1) connect the given system a with other letters of //,, and (2) displace the 
minimum number of new letters. If all these substitutions have a power that 
replaces every a by a not-a, if each one of them displaces all the letters of one 
of the sets b’, b’, --- whose letters are found in cycles with a, and if more than 
one new letter is in some cycle, we have two cases to consider. Each of these 
substitutions may have at least one cycle entirely new to H,, in which case the 
following inequalities hold true : 

(B) Ni = —2,— Pps = 


i+] 


On the other hand if even one substitution has no cycle of new letters only, the 
three conditions just stated being satisfied, we conclude that 


(C) =N, + pq- — C4, = e;—1, Ni = On,. 


i+] 


+1 = 9n, requires explanation. If n,,, < @n,, every power of 


8,,, replaces one letter a at least by an a. Then the number of new letters is 


The inequality n, 
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q at most, with not more than one in any cycle. In fact, if there is one of the 
substitutions that satisfy (1) and (2) for which any one of the three conditions 
under which (7) and (C’) were formed fails, that substitution s,,, has not more 
than one new letter in any cycle. Hence 


(D) Nin +95 Cu =e,—1, + p- 


11. In the formation of the groups //,, //7,, .-- there is another point of 
view which is of value. We no longer base our reasoning upon an arbi- 
trarily chosen set a of H,, but impose upon s,,, the conditions of § 8, which 
we need not repeat, and in addition the condition (4) that no substitution of 
8,, 8,, --+ which satisfies (1), (2) and (3) has fewer cycles in the letters of the 
extended set formed by the union of sets of 7, by s,,,. Let H,, //,,,, K,.,, 
have the same meaning as before, that is, //,,, is transitive in the letters of the 
sets a, b, --- of 77, and certain new letters which s,,, joins to these sets. If 
8,,, is of higher degree than any of the substitutions s,, 3,, ---, 8,, then 
by condition (4), no substitution of 7. similar to one of the substitutions 
3,5 5,. +++, §,, cam connect in its cycles two of the sets of a,b, ---. Then if 


two of the sets a, b, --- are in one transitive constituent of A,,,, there are 


substitutions in K, ,, that displace all the letters of one of the sets, as a, and 
such that all powers of these substitutions replace every @ by a new letter: 


The transforms of 7 by substitutions of 7, generate a group with a transitive 
constituent of degree pn, in the letters a,, a@,, +++, If | does 
not unite transitively two sets of H,, the sets of intransitivity of A’,,, are sys- 
tems of imprimitivity of //,,, which 5,,, must permute. Then the degree of 
H,,, is pn, or more. If one system is made up entirely of new letters, the 
transforms of §,,, by substitutions of /7, generate a transitive group. If no sys- 
tem is made up entirely of new letters, exactly p distinct sets of a, 6b, --- of 7, 
are united by s,,,. Consider in particular a substitution 3 =(a,a,---a,)-+++ of 
H,, The group r, s~'rs } has a constituent of degree and for it 


+1 


N, = 2pq —p’, »=1+2(q-p), 


Likewise, when as has p sets, if a power of 8,,, replaces each of the letters 
@,, @,, +++ a, bya new letter a, the same inequalities are satisfied by the group 
{8,,,,87'8,,,8}. If no power of s,,, replaces each of the letters a,, a,, ---, 
by letters new to /7,, s,,, involves all the letters of p cycles of s, so that the 
inequalities hold for {s, s,,,}. 

Now we assume that 3,,, is not of higher degree than the substitutions of 
highest degree among 3,, 5,, ---, 8,, and that s,,, has two new letters in some 
one of its cycles. We know (§ 8) that 3,,, displaces all the letters of 77, so that 
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3,,, displaces no new letter. From this it follows that every power of s,,, 
replaces a letter of one set of //, by a letter of another set of Z7,. Let s*,, 
have two new letters adjacent. Because of condition (2) no generator of 
375, } has letters of two sets of //, in one of its cycles. But since 
there are no new letters a in this group, 8,,, permutes cyclically p sets a, b, -- 
of /7,. Again if 3 is a generator of //,, the group { s, s,,, } satisfies inequalities 
(£) provided § displaces letters of all the p sets a, b, ---; but if 3 leaves fixed 
all the letters of one of the sets a,b, ---, the group {s, s~'s,,,s} satisfies 
inequalities (#7). The result which we are going to use is this: 


If we have before us a group //, we may be able to find in s,,,, s 


i+1? 


°°° 
substitution which unites two or more sets of H, and has at most one new letter 
in any cycle, thus satisfying the inequalities : 


(F’) Ni, +9; ¢,,,=¢—1. 


i+l i 

A third inequality n;,, =x; is irrelevant™since the largest set of //; is not 
taken into account and may not be enlarged by s;,,. But if s;,,, 8;,., +++ do 
not include such a substitution, we can say that there are two substitutions in 
the series s,, s,, --- which we are at liberty to use for s, and s, which generate 
a group satisfying (#’). The constituent of degree p? or more is imprimitive. 

12. Should it be possible to find for all the groups //,(i = 1, 2, ---) up to 
the transitive group //, a substitution s,,, with at most one new letter to a 
cycle, then the degree of //, is not greater than pg +(q—1)q. ‘This is cer- 
tainly true if g is less than or equal top. But if at any point in the formation 
of this chain of groups, there is no substitution s;,, with at most one new letter 
in a cycle, we begin our series //,, //,, --- with the /, satisfying (/). Let 
us first impose upon g the condition p < g < 2p + 3, and suppose p odd. If 
then the upper limit of the degree of //, is not given by pq + ¢° — q, we begin 
with inequalities (Z#’). In the next step we cannot have inequalities ()) since 
then the p? (or more) letters of a set a of H/, would have to be present in at 
least 0Op=2p+2+2/(p—1) cycles of s,. Then the degree of //, is not greater 
than V,+(c,—1)¢=2¢—p’*. Note that if g=p+1, pg+¢—q>27-p’, 
and if g = 2p, pg+ 97 —q < 2¢° — p’; it is sufficiently precise to state that a 
primitive group that contains a substitution of order p and degree pq (p an 
odd prime, p <9 <2p +8), contains a transitive subgroup the degree of which 
is not greater than the larger of the two numbers pq + ¢ — q and 2q°—p’. 

13. Let us now suppose that g is subject to the inequality 2p + 83=q <p’, 
and that p is odd. Let //, satisfy (#’). If we have before us a group //,, the 
question arises: What comparison exists between the degree of //, when /7,,, 
satisfies (C’) and //,,, satisfies (#’) and the degree when //;,, is subject to (7) 
while /7;,, obeys (C’)? A simple calculation shows that there is no difference 
in the degrees. But to have /;,, satisfy (C) and H;,, (D) is more unfavor- 
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able than the reverse. Then let //,, //,, ---, //, obey (C), so that 


N, = N,+ PY — — Ps ¢,=¢,-—1, n, = 


The remaining groups //_,,, //, ,, Satisfy (D): 


whence 
or 


A condition which n,_, must satisfy is 


that is 


If /7,_, instead of 77, were the last group subject to inequality (C’), then 


This expression is always numerically less than the other. For the difference 


a >, p-—1_p-1 


is positive. Hence the limiting value of the degree of //, is obtained by 
replacing x in the first formula by the largest integer which satisfies 
= q(p —1)/2, and this is the largest integer in 2 + log, (q¢/p). 

If a primitive group contains a substitution of odd prime order p on more 
than 2p + 2 and less than p* cycles, it contains a transitive subgroup of degree 
not greater than 


—1 


where mu is the integral part of log, (q/p) and @=2p/(p—1). 
14. We finally take ¢ so large (q=p’) that the inequality (2) is possible. 
The case p = 2 is not excluded. As before it is evident that it is more unfavor- 
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able to have H/;,, subject to (B) and //;,, to (D) than for //;,,, to satisfy (D) 
and //,,, to satisfy (B). Now compare (2) and (C’) in relation to //;,, and 
H,,,. If the inequalities are applied in the order (2B), (C), we have 


Nig SN, + 2p(q —1) — 2, — pn,, = Opn, ; 
and if in the order (C), (2): 
2p(q—1) — 2, — On,, =¢,—2+q—On,, = p@n,. 


tT 


If p is 2 or 3, 8 =p, and then obviously the first arrangement is the more 
unfavorable. When p is greater than 3 the matter is not so simple. However 
we can show that the addition of one new set of intransitivity by s,,, is equiva- 
lent in the end to the introduction of g or more new letters. ~ For one more set 
means one more group // in the chain //,, #/,, --- before arrival at a transitive 
group //,. This is evidently true if the extra group gives rise to a repetition 
of the inequalities (D). There only remains the question whether pg — n, — p 


can be less thang. Now(J#) and (C) are not necessary unless n, = (p — 1)/2q. 


From 
PI-X—-P<% 
we have 
p— 
(p—1)q—p<n=! % 
whence 


q<9, 


which is false under the present assumptions. Hence, while V- 


exceeds 
by (p —@)n,, if we multiply (@ — 1)n,, the difference between c,,, and c’,,, 
by q, it is apparent that the first order is the more unfavorable. 


We now form the successive inequalities in their most unfavorable order : 


r< 2 <= > 
N,=2pq—p’, e,=1+2(q-p), n,=p*, 
N,=N.+ ps n, =p’, 

N, + rn, =p ’ 

= r = => x 
= W =e => »* Ay 
r <= r <= 
= ytt = Cnty — Ls 


+ (¢.4,—1)¢- 


From these inequalities we derive the following expression for the upper limit 


1911] OF PRIMITIVE GROUPS 385 


of the degree of //,, in which x and y remain to be determined : 


1 ) pe 


< P*(q—p +2) 2 
N= +¢2+(pq—q—p )(x+y—2) — fe ~ 


p-l 
To cut short unprofitable refinements we now regard this expression, following 
Jordan’s lead, as a continuous function of two independent variables x and y 
and equate to zero the partial derivatives 
gt+ 1 1 Pp oY 
2 * log p — log p= 0, 


We solve, substitute for V,, reduce, and have for the limit of the degree of the 


transitive subgroup //, 


log 


2 
+ (q—1(q + p) log,“ + a log, 


p-1l 
in which 
qg+1 1 gta a 
15. When p is 2 or 3, the formula can be greatly simplified, for then 0 = p, 
andy=0. For p=8 it becomes 


where yu is the integral part of log, 3q. 
16. When p = 2 inequality ( #’) may be replaced by 
(F’) N. 


i+! 


whence 
N, = N, + (e¢,—1)(¢—1) 
If 2*—" is less than q, the difference of .V, with respect to x is 
92" 
and is positive. If 2’-' is equal to q, this difference is negative, but the dif- 
ference with respect to x of 
is positive. Hence when p = 2 (¢=4) the limit of the degree of a transitive 


subgroup /7/, of G is 


where yu is the largest whole number less than log, 2q. 


| 
| 
| 
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17. A theorem was stated in the introduction which was proved in § 12 for 
p an odd prime. But if p is 2, we know from recent researches * on the class 
of primitive groups that the theorem is true except perhaps when the given sub- 
stitution of order 2 has 6 cycles and the group in question is of class 12. But 
the limit of the preceding paragraph, obtained without any restriction on the 
class of the group, is 71, while the limit required for the theorem is 68. The 
inequalities of §14 allow H,(p=2, ¢=6) ten transitive constituents. A 
moment’s consideration shows that, if the entire group is of class 12, /7, cannot 
have so many constituents and that the limit of the degree of //, is 66. 


URBANA, ILLINOIS, 
December, 1909. 


*C. JORDAN, Liouville’s Journal, ser. 2, vol. 17 (1872), p. 363; Netto, Theory of Sub- 
stitutions, COLE’s translation (1892), p. 133; MILLER, American Mathematical Monthly, 
vol. 9 (1902), p. 63; MANNING, American Journal of Mathematics, vol. 32 (1910), pp. 
235-257, and vol. 28 (1906), p. 226. 
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ISUMORPHISMS OF A GROUP WHOSE ORDER IS A POWER 
OF A PRIME* 


G. A. MILLER 


1. Groups of isomorphisms involving operators of order p 


§ 

Let G be any group of order p”, p being a prime number, and let Z represent 
its group of isomorphisms. A necessary and sufficient condition that J involves 
operators of order p is that m > 1, since G can always be made isomorphic with 
one of its invariant subgroups of order p which corresponds to the identity in 
this isomorphism when m > 1. Hence the order of J is divisible by » whenever 
m>1 and only then. Although the order of J may be divisible by a much 
higher power of p than p”, it is very easy to prove that the order of every 
operator of J is a divisor of p”"~'k, k being prime to p. That is, Z cannot 
involve any operator whose order is divisible by p”. 

To prove this theorem we may assume that ¢ is an operator of J which has 
been so selected that its order is the highest possible power of p. As ¢ and G 
generate a group whose order is a power of p it is possible to select a series of 
invariant subgroups of G 


m 


whose orders are respectively 1, p, p®, ---, p” and such that each one except 
the last is contained in the one which follows it and that ¢ transforms each 
operator of each of these subgroups except the first into itself multiplied by an 
operator in the one which precedes it in the given series. Hence we have the 


following equations, s, being an operator of /7, 


a? 
= 8,_, 8,5 = 8,_.8, (a8), 
since s?_, =s,_, and s_',8,_,8,_, = 8,_, being an operator of //,_,. 


If we replace ¢” by ¢, it results from similar considerations that 


= 8,_38 (a=3). 
In general, 
= 8, 18, (es 3+1). 


From the last equation it follows directly that the order of ¢ is a divisor of p”~", 


* Presented to the Society April 28, 1911. 
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and hence the following theorem has been proved: The group of isomorphisms 
of a group of order p™ does not involve any operator whose order is divisible 
by p”. 

It is well known that the group of isomorphisms of the cyclic group of order 
p", p > 2, contains operators of order p"~'. We proceed to prove that no 
other group of order p” with the exception of the non-cyclic group of order p* 
can have operators of order p”~' in its group of isomorphisms. To prove this 
statement it is only necessary to opserve that every non-cyclic group of order p™ 
contains an invariant non-cyclic subgroup of order p*. Hence it results that 


s (a=m—2). 


If we let « = m and observe that the orders of all the operators of J7, divide p, 
it results that the ¢””~ is commutative with every operator of G. That is, the 
group of isomorphisms of a non-cyclic group of order p™ cannot contain any 
operator whose order is divisible by when p> 2 and m> 2. 

When p = 2 it is known that the group of isomorphisms of the cyclie group 
of order p” is the direct product of the cyclic group of order 2”~* and the group 
of order 2. Hence there is no operator of order 2"~' in the J of the cyelie 
group of order 2” when m> 2. Moreover it results from the preceding para- 
graph that the J of any group of order 2", m > 3, cannot involve any operator 
of order 2"~' whenever this group of order 2” involves the non-cyclie group of 
order 4 invariantly. A group of order 2” contains an invariant non-cyclic 
group of order 4 when the number of its cyclic groups of this order is even. 
Hence it results that if the J of a group of order 2", m > 3, contains an oper- 
ator of order 2"~' this group must be one of the three non-cyclic groups of order 
2” which involve an odd number of cyclic subgroups of order 4.* 

Two of these non-cyclic groups are the dihedral and the dicyelic groups, and 
it is easy to prove that the J of each of these groups involves operators of order 
2”-'. In fact, the Z of such a group of order 2” must involve an operator which 
is commutative with each of its operators in the invariant cyclic group of order 
2”-' but transforms the remaining operators into themselves multiplied by an 
operator of order 2”~'. The order of such an operator in J is evidently 2"-', 
and hence it results that the groups of isomorphisms of the dihedral group and 
of the dicyclic group of order 2” involve operators of order 2"-'. The remain- 
ing one of the three non-cyclic groups of order 2" which involve an odd number 
of cyclic subgroups of order 4 involves exactly 2"~* non-invariant operators of 
order 2 when m > 3, and its group of isomorphisms may be represented as an 
intransitive substitution group having two transitive constituents of degree 2”~*. 
Hence this 7 cannot involve any operator of order 2”~' so that we have arrived at 
the theorem: A necessary and sufficient condition that a group of order 2”, 


* These Transactions, vol. 6 (1905), p. 58. 
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m > 3, have an operator of order 2"—"' in its group of isomorphisms is that the 
group be either dihedral or dicyclic. When m=3 every group of order 2”, 
with the exception of the cyclic group of order 8, has an operator of order 2"~' 


in its group of isomorphisms, as one may readily verify. 


§ 2. Groups of isomorphisms involving operators of order p"—, p> 2. 


Having considered all the possible groups of order p” which involve an 
operator of order p”~' in their groups of isomorphisms we proceed to consider 


those whose groups of isomorphisms involve operators of order p”~* but none of 
order p"~'. We shall again represent the group under consideration by G and 
its group of isomorphisms by 7. Suppose that G contains an invariant sub- 
group of order p‘ which does not involve any operator of order p* and that the 


series of invariant subgroups 


0? m 


has the same properties as in the preceding section. 
From the equation 


= 18, (c= 1), 
where s, is any operator of //,, it results that 
Let t, =7¢?"°. We proceed to prove that In fact, 


—p kp Yo 
= 8285 $,5,, = (p>2). 


Since s, is commutative with s, and as G involves an invariant non-cyclic sub- 
group of order p*, it results that the order of s, cannot exceed p. This proves 
that ¢?”* = 1 whenever m > 4 and p> 2, since ¢” must then be commutative 
with s,. We have now proved that G cannot have an operator of order p”~*, 
m > 4, in its group of isomorphisms when G involves an invariant subgroup of 
order p*‘ which does not involve any operator of order p*. It is evident that this 
proves also that G could not involve such an operator if it contained an invari- 
ant subgroup of order p* involving only operators of order p besides the identity. 
In seeking all the groups whose groups of isomorphisms involve operators of 
order p”~* but none of order p”—', we may therefore confine our attention to such 
groups as give rise to a cyclic quotient group with respect to the invariant non- 
cyclic group of order p? and in which operators of order p* correspond to the 
operators of order p in this quotient group. This clearly implies that the groups 
in question contain operators of order p”~'. 

From the preceding paragraph it follows that if the Z of G involves operators 
of order p”~* but none of order p”~', G must be one of the two non-cyclic groups 
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of order p” which involve operators of order p"~'. As the cyclic group of order 
p"~" involves operators of order p”~* in its group of isomorphisms it is evident 
that the 7’s of both of the non-cyclic groups in question involve operators of 
order p"~*. Hence the theorem: A necessary and sufficient condition that the 
group of isomorphisms of a group of order p”, p> 2 and m > 4, involves 
operators of order p"~* is that this group of order p™ involves operators of 
order p"-‘. When m = 8 it is evident that the groups of isomorphisms of all 
the possible non-cyclic groups involve operators of order p”~* but none of order 
p"'. When m =4 a group of order p” which does not involve operators of 
order p”~' may also have operators of order p”~? in its group of isomorphisms, 
as may readily be verified. 

Incidentally the developments of this section have led to an important general 
theorem which may be stated as follows: A necessary and sufficient condition 
that a group of order p", p> 2 and m> 4, contain an invariant subgroup of 
order p* which does not involve any operator of order p* is that the group of 


order p” does not involve any operator of order p"—'. In fact, we may easily 
derive the more general theorem that the number of the subgroups of order p* 
which do not contain any operator of order p* is always of the form 1 + Ap 
when G does not involve any operator of order p”~'. When G involves such 
an operator this number is evidently zero, so that we may say that every group 
of order p", p> 2 and m > 4, contains either no subgroup of order p* which 
involves only operators whose orders divide p’, or the number of its subgroups 
which have this property is of the form 1+4p. When it involves no such 
subgroup it must be one of the three groups of order p” which involve opera- 
tors of order p"~'. 

To prove this theorem we may confine our attention to the invariant sub- 
groups of order p*‘ which do not involve any operators of order p*. From the 
theorem stated at the beginning of the preceding paragraph it results that G 
contains at least one such invariant subgroup if it does not involve any operator 
of order p”~'. In what follows we shall assume that this condition is satisfied 
and let 

A, 
be the totality of the invariant subgroups of order p* in G which do not involve 
operators of order p*®. We proceed to prove that the group generated by these 
X subgroups does not involve any operator of order p*. This fact will evidently 
establish the theorem in question. 

To prove this fact we let ¢ be any operator of the group generated by A), 
--+, K, such that = 1, while s, represents an operator of 1=a=), 
and s,, 8, represent operators belonging to invariant subgroups of orders p* and 
p’ respectively in A, these subgroups being invariant under both A, and ¢. 


We may evidently assume that s, is of order p and that it is invariant under 
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both of the operators ¢” and s?. Hence the following equations 
(s,t)? =s,ts,ts,t--- 0 
= 8, 8,8, 8,88, +++ 8,8) 8,0 = 8, si sit’, 


where s,,8,, 8,’ are operators of the same invariant subgroup of order p* in A,. 
As all of the operators s?, ¢? are commutative with and and the 
order of each is a divisor of p it results that the order of s,¢ cannot exceed p’. 
This proves that the group generated by A,, X,, ---, A, involves no operator 
of order p* and hence we have established the theorem: /f a group of order p”, 
p>2 and m>&4, involves no operator of order p”—' the number of its sub- 
groups of order p* which do not involve any operator of order p* is of the form 
1+ kp. In other words, it has been proved that if G@ is any non-cyclic group 
of order p", p > 2 and m > 4, which does not involve any operator of order 
p”", the number of its cyclic subgroups of order p* is congruent mod p to the 
number of its non-cyclic subgroups of order p‘ which involve an operator of 
order p*, each of these numbers being divisible by p. 


§3. Groups of isomorphisms involving operators of order 2"~*. 


In the present section we shall assume that the order of G is 2” and that its 
group of isomorphisms J involves operators of order 2”~* but none of order 
2”~-'. It has already been observed that the J of the cyclic group of order 
2” contains operators of order 2”~? but none of order 2”~', so that G may be 
cyclic. In what follows we shall consider the possible cases when G@ is non- 
cyclic. We begin, as in the preceding section, by finding an upper limit for m 
when G involves an invariant subgroup of order p* which does not contain any 
operator of order p*. The equation 


m 
which was obtained in the preceding section is evidently true also when p = 2, 
and if we assume that m > 5 it follows that 


8, $, 8,5, 833.5 


t,, 8,, 8,, 8,, 8, having the same meaning as in the preceding section. As the 
order of s, divides 2 and as ¢! is commutative with s,, it results that the order 
of ¢ must divide 2"~*. That is, if a group of order 2” contains an invariant 
subgroup of order 16 which does not include any operator of order 8, the 
group of isomorphisms of this group of order 2" does not involve any operator 
of order 2"~* when m> 5. 

We shall now consider some of the properties of the groups of order 2”, 
m > 5, which do not include an invariant subgroup of order 16 involving no 
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operator of order 8. It is evident that all the groups of order 2” which involve 
operators of order 2”~' are included among these groups. If G is any other 
group of order 2” which belongs to this category it involves a non-cyclic 
invariant subgroup of order 4 and the corresponding quotient group contains no 
invariant non-cyclie group of order 4. Hence this quotient group contains 
operators of order 2"-*. To the invariant operator of order 2 in this quotient 
group there must correspond operators of order 4 in G and hence G involves 
operators of order 2"~?. That is, every group of order 2", m> 5, whose 
group of isomorphisms involves operators of order 2"~* must itself involve oper- 
ators of this order. In other words, if a group of order 2" does not contain 
any operator of order 2"~* its group of isomorphisms cannot contain any 
operator of this order when m> 5. 

As all the groups of order 2” which involve operators of order 2”~*, as well 
as all those whose orders divide 32, are known the preceding theorem reduces 
our problem to the study of known groups. Two of the six groups of order 2”, 
m > 38, which involve operators of order have operators of order 2”~' in 
their groups of isomorphisms in accord with the results of section 1. It is easy 
to see that two others have operators of order 2”~? in their groups of isomor- 
phisms while the largest operators in the 7’s of the remaining two groups are of 
order 2"-*. That the group of order 2” which is generated by an operator of 
order 2”~' and an operator of order 2 which transforms this into its (2”~? — 1 )th 
power involves an operator of order 2"~? in its J, results immediately from the 
fact that the J of this group contains an operator which is commutative with 
each operator of the cyclic subgroup of order 2”~' and which transforms the 
remaining operators into themselves multiplied by an operator of order 2”~?. 
In fact, there is such an operator in its group of cogredient isomorphisms. As 
the eyclic group of order 2” has also operators of order 2"~* in its 7, we have 
found the two groups of order 2” whose J’s contain operators of order 2”~? but 
none of order 2”~". 

Each of the two remaining groups of order 2” which involve operators of order 
2”~' contains two cyclic subgroups of order 2"~'. The /’s of these G’s may 
evidently be represented as substitution groups on two sets of 2”~* letters cor- 
responding to the operators of order 2"~' in the G’s. When J is represented 
in this way it contains an intransitive subgroup of half its own order composed 
of all its substitutions which do not interchange the two cyclic subgroups of order 
2"-' in G. These transitive constituents clearly involve operators of order 
2”-* but none of order 2”~* and there is a (2, 2) isomorphism between them, 
since the cyclic subgroups of order 2”~' in G have their operators whose orders 
divide 2”~? incommon. One of the remaining operators of J is of order 2 and 
is commutative with all the operators of G' whose orders divide 2"~?. It must 
therefore be commutative with all the operators of J which transform each 


a 
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operator of order 2 in G into itself. From this fact it follows directly that Z 
does not contain any operator of order 2"~*, and hence the theorem: The six 
groups of order 2", m> 3, which involve operators of order 2"~' may be 
divided into three sets of two each such that the groups of isomorphisms of the 


first set involve operators of order 2"~', those of the second set involve oper- 


ators of order 2"~* but none of order 2"~', while the largest order of the oper- 


ators in the groups of isomorphisms of the two groups of the third set is 2"~*. 
All these groups of isomorphisms involve only operators whose orders are 
powers of 2. 

It remains to consider the groups of order 2", m > 5, which do not involve 
operators of order 2”~' but contain operators of order 2”~* in their groups of 
isomorphisms. It has been observed that the quotient group with respect to an 
invariant non-cyclic group of order 4 in such a group G cannot include a non- 
cyclic invariant subgroup of order 4, and that the operators of G which corre- 
spond to the invariant operator of order 2 in this quotient group must be of 
order 4. As this quotient group cannot be cyclic and does not involve an inva- 
riant non-cyclic subgroup of order 4 it must be one of three groups, viz., the 
dihedral, the dicyclie, or the group which involves both a dihedral and a dicyclie 
subgroup of half its own order. In the last two cases G involves operators of 
order 8 which correspond to operators of order 4 in some non-invariant subgroup 
of order 4 of the quotient group. 

From the preceding paragraph it results that the only groups which remain 
to be considered are those which have an invariant subgroup of order 2”~' 
involving two cyclic subgroups of order 2”~*. ‘This invariant subgroup must be 
one of two groups and the rest of the operators of G transform each operator of 
this subgroup into its inverse multiplied by one of the operators of the invariant 
non-cyclic subgroup of order 4 contained in G. Since ¢ transforms each opera- 
tor of the cyclic subgroup of order 2”~* in the quotient group of G', with respect 
to its non-cyclic subgroup of order 4, into itself multiplied by an operator of 
lower order, it results that ¢ must transform the operators of G which correspond 
to this cyelic subgroup in this quotient group according to an operator whose 
order cannot exceed 2"~*. Hence ¢ cannot be of order 2"~* unless it transforms 
the remaining operators of G according to an operator of this order. It must 
therefore give rise to a commutator of order 2”~* whenever its order is 2"~?. 

It is now easy to prove that the subgroup of G which involves two cyclic 
subgroups of order 2”~? must be abelian.* If it were non-abelian, ¢ could not 
transform the operators corresponding to non-invariant subgroups of order 2 or 
4 in the given quotient group into themselves multiplied by operators of order 
2”~*, since the latter are not commutative with all the operators of order 2 in 

* This is a special case of the general theorem that a commutator arising from either cogredi- 


ent or contragredient isomorphisms of a group must be commutative with all the operators of 
every characteristic complete set of conjugates which involves only two operators or subgroups. 
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the non-cyclic invariant subgroup of order 4 in G. We shall therefore assume 


in what follows that G contains an abelian subgroup A of order 2"~' 


involving 
two cyclic subgroups of order 2”“~*, and we shall consider the various possible 
groups when the quotient group as regards the non-cyclic invariant subgroup of 
G is one of the three possible subgroups. 

If this quotient group is dihedral and all the operators of G which are not 
also in A are of order 2, it is evident that the J of G@ involves operators of 
order 2”~*, since ¢ transforms each operator of A’ into its inverse. When ¢ 
transforms all the operators of A into their inverses and is of order 4, its square 
may be equal to the square of an operator of order 4 in A, or it may be one of 
the other two operators of order 2 in A. In the latter case, the possible 
group when ¢* is one of these operators of order 2 is evidently conjugate with 
the one when ¢ is the other operator of order 2. Hence there are three groups 
of order 2" which involve A and in which all the operators of A are trans- 
formed into their inverses by ¢. In each of these three groups the group of 
isomorphisms clearly involves operators of order 2”~*. 

When ¢ transforms half the operators of A into their inverses and the rest 
into their inverses multiplied by an operator of order 2, it is clearly only neces- 
sary to consider two of the three operators of order 2 in A. Moreover the 
two cyclic subgroups of order 2"~* in X are evidently conjugate under J, and 
hence we need to consider only one of them. That is, it is necessary to con- 
sider only the four cases when the operators of G which are transformed into 
their inverses by ¢ constitute either the cyclic subgroup of order 2”~* or the 
non-cyclic subgroup of this order, and the remaining operators of A are trans- 
formed into their inverses multipled by one of two operators of order 2. One 
of these cases does not give rise to any group since the ¢ which transforms all 
the operators of a cyclic subgroup of order 2"~* into their inverses cannot trans- 
form the remaining operators into their inverses multiplied by an operator of 
order 2 that is included among these operators. It is therefore only necessary 
to consider three cases. 

There are just two groups when ¢ transforms all the operators of a cyclic sub- 
group of order 2”-* into their inverses and the remaining operators of G into 
their inverses multiplied by the square of an operator of order 4 in G. In one 
of these G’s half the operators which are not also in A are of order 2, while the 


other half are of order 4; in the other G all of these operators are of order 8. 
The 7’s of these groups must involve operators of order 2"~* since operators of 
this order are transformed into their inverses by the operators of G' which are 
not also in A’, and hence one of the latter operators may be made to correspond 
to itself multiplied by an operator of order 2”-* in XK. 

When ¢ transforms all the operators of the non-cyclic subgroup of order 2"~? 
in A into their inverses there are four possible groups, but only one of these 


fi 
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four has operators of order 2"~* in its group of isomorphisms. It is very evi- 
dent that the two of these groups in which half the operators which are not in 
K are of order 2 cannot have operators of order 2”~* in their groups of iso- 
morphisms since the product of any one of these operators of order 2 and an 
operator of order 2"~? in A’ is of order 4. In the other two possible groups all 
the operators of G which are not also in A’ are of order 4 and these operators 
have two distinct squares. When one of these squares is the square of an oper- 
ator of order 4 in A’ the corresponding J involves operators of order 2"~* but 
none of order 2”~*, since this square is a characteristic operator of G. On the 
other hand, the G@ in which the squares of these operators of order 4 are the 
other two operators of order 2 in A’ has operators of order 2"~? in its 7. This 
completes the consideration of the possible cases when all the operators of A’ are 
transformed under @ into their inverses multiplied by operators of its non-cyclie 
invariant subgroup of order 4. 

It remains to consider the case when the quotient group of G with respect to 
this non-eyclic subgroup of order 4 contains both the dihedral group and the 
dieyclic group of half its own order. In this case half the operators of G which 
are not also in X are of order 8 while the orders of the other half of these oper- 
ators divide 4. It is known that there is one and only one such grov»,* and 
that it involves 2”~* + 3 operators of order 2. Hence the transitive constitu- 
ents of its group of isomorphisms, which correspond to the operators of order 
2 in G’, cannot involve any operator of order 2"~*. The group of isomorphisms 
of G may evidently be represented as a substitution group in which a transitive 
constituent corresponds to operators of highest order in G while the other con- 
stituents correspond to operators of order 2. As neither of these constituents 
could involve substitutions of order 2”~*, it has been proved that the J of the 
group under consideration cannot involve any operator of order 2"-*. We 
have therefore established the following theorem: There are exactly six groups 
of order 2", m > 5, which do not involve operators of order 2"~' but contain 
operators of order 2"~ in their groups of isomorphisms. Each of these six 
groups includes an abelian subgroup of order 2"~' and of type (m— 2,1). 
Hence the total number of groups of order 2”, m > 5, which have operators of 
order 2”~? in their groups of isomorphisms is 10 and the number of those which 
have operators of order 2”~* but none of order 2”~' in their groups of 
isomorphisms is 8. 


§4. Sylow subgroups of the groups of isomorphisms. 


Since every group G of order p” contains a series of invariant subgroups of 
orders 1, p, p*, ---, p” which are also invariant under a Sylow subgroup of 
order p* in the group of isomorphisms of G, it follows from the preceding 


* These Transactions, vol. 2 (1901), p. 271. 
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theorems that 2=m—1+m—2+4.---4+2+41. Hence it results that if p* 
is the order of a Sylow subgroup in the group of isomorphisms of G then 
a=}m(m—1). When G is eycelic the value of a is m — 1, hence a cannot 
have this maximal value for every group of order p” when m>2. On the 
other hand, there is always at least one group of order p” for which 
a= 4m(m—1), viz., the abelian group of type (1,1, ---). In the present 
section we shall determine all the possible groups of order p” whose groups of 
isomorphisms involve Sylow subgroups whose orders are p?"~. In what fol- 
lows we shall represent such a group by G' and its group of isomorphisms by JZ. 
A series of invariant subgroups of G which are also invariant under a Sylow 
subgroup of J and have the orders 1, p, p’, ---, p” (each including those which 
precede it) will be represented by 


H,, H,, H,, +--+, =G. 


0? m 


The maximum value of a evidently implies that the isomorphism of each 
operator in one of the p—1 divisions of //, — //7,_, with respect to H,_,, 
8 =m, is independent of those of //,_, and hence G cannot involve any oper- 
ator whose order exceeds p?. For the same reason the order of the commutator 
subgroup of G cannot be divisible by p*, and all the operators of order p* in G 
must generate the same subgroup of order p. This common subgroup must be 
the commutator subgroup when G is both non-abelian and also involves oper- 
ators of order p*. All the operators of H, — H,_, are of the same order and 


H,,— H,_, could not be made to correspond to every other operator of such a 


m 


must be abelian, otherwise an operator of one of the p —1 divisions of 
division when the identical operators of /7,_, would correspond. 

When G is abelian there are only two groups of order p” , m>1, which satisfy 
the conditions imposed in the preceding paragraph. One of these is of type 
(1,1, ---) and the other is of type (2,1,1,.---). It is evident that the 7 
of each of these two groups involves a Sylow subgroup of order p!""—». Hence 
the theorem: There are two and only two abelian groups of order p”,m>1, 
whose groups of isomorphisms have orders which are divisible by p*, where 
a=}m(m—1). One of these is of type (1,1,1, ---), while the other is 
of type (2,1,1,---). 

It remains to determine the possible groups when G@ is non-abelian. When 
p = 2 and all the operators of //,,— H/,_, are of order 2, the abelian subgroup 
HT,_, must be of type (2, 1,1,1,---), and hence @ is the direct product 
of a group of type (1,1,1, ---) and the octie group. When all the oper- 
ators of 7 — /7_, are of order 4, 7, must again be of type(2,1,1,---), 


since the product of two such operators of order 4 is of order 2 when they are 
commutative and of order 4 when they are non-commutative. Hence G is the 
Hamiltonian group of order 2” in this ease. That is, it is the direct product of 
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the quaternion group and the group of type (1, 1, ---). Hence we have 
proved the theorem: Jf the order of the group of isomorphisms of a non-abelian 
group of order 2” is divisible by 2""~'? it is either the Hamiltonian 
group or it is the direct product of the octic group and a group of type 
By. 

When G is non-abelian and p> 2 all the operators of G, — G__, may be 
of order p. As one of the subgroups of order p”~* is composed of invariant 
operators it must be characteristic and hence may be used for H_,. Hence 
there is one and only one such group in which all the operators have orders 
which divide p. Since the product of two operators of order p in G is of order 
p it remains to consider the case when all the operators of G, — G,_, are of 
order p*. If ¢ and s are two such operators (¢s )? = ¢’ s” and hence the orders of 
all the operators of G',_, must again divide p. This abelian group is therefore 
again completely determined and hence we have only one such group. This 
proves the theorem: Lvery non-abelian group of order p”, p> 2, whose group 
of isomorphisms has an order which is divisible by p”"~'? is the direct 
product of a non-abelian group of order p* and an abelian group of type 
(1,1,1,---), and every such direct product has a group of isomorphisms 
whose order is divisible by p™"~'*. 

If we combine this theorem with what precedes it results that there are just 
four groups of order p”™, m> 2, which have groups of isomorphisms whose 
orders are divisible by p*, where a = m(m—1)/2. Two of these groups are 
abelian and two are non-abelian. If p® is the order of an operator in such a 
group of isomorphisms 8 = m/2 when m is even and 8 =(m + 1)/2 when m is 
odd. When p= 2, no two of the four given groups are conformal but when 
p> 2, each of the two abelian groups is conformal with one of the two non- 
abelian groups. 

Since the series of subgroups //,, H7,, H,, ---, H,, remains fixed under all 
the isomorphisms of a Sylow subgroup of order p* in J, it results directly that a 
necessary and sufficient condition that the group of isomorphisms of a group 
of order p” involves only one Sylow subgroup of order p* is that this group 
of order p™ involves a characteristic subgroup of order p’, for every value of ¥ 
Jrom1tom—1. In particular, every group of order p” , m > 3, which involves 
operators of order p”~' has a group of isomorphisms involving only one Sylow 
subgroup of order p*. When the J of @ involves only one Sylow subgroup of 
order p* all of its operators whose orders are prime to p must have orders whose 
prime factors divide p—1. Hence the theorem: A necessary and sufficient 
condition that the order of the group of isomorphisms of a group of order 
2” is of the form 2* is that this group of order 2" has a characteristic 
subgroup of order 2¥, y=1,2,---,m—1. 

When two operators of the group of isomorphisms of any group give rise to 
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commutators which are invariant under these operators then these operators 
have evidently the same orders and the same relative properties as their respec- 
tive commutators. In particular, if a group G contains a subgroup // composed 
of operators which arise as commutators under operators of the group of iso- 
morphisms of G which are commutative with each operator of //7, then this group 
of isomorphisms involves a subgroup which is simply isomorphic with /7. A 
number of other general theorems relating to the groups of isomorphisms are 
given in the article entitled: “The groups of isomorphisms of the groups whose 
degree is less than eight,” Philosophical Magazine, vol. 231 (1908), p. 223. 
The present article has close contact with the one just mentioned. 


§ 5. Lsomorphisms in which a large number of operators correspond 
to their inverses. 


lf more than three fourths of the operators of a group correspond to their 
inverses in some one of its possible automorphisms the group must be abelian,* 
and all the operators of any abelian group evidently correspond to their inverses 
in one of its automorphisms. The totality of the operators which correspond to 
their inverses in an automorphism of any abelian group constitutes a subgroup 
whenever this totality does not include all the operators of the group, but the 
totality of the operators which correspond to their inverses in an automorphism 
of a non-abelian group does not necessarily constitute a subgroup, as one may 
directly see by means of the known theorem: A necessary and sufficient condi- 
tion that exactly three fourths of the operators of a group correspond to their 
inverses in one of the possible automorphisms of the group is that its group of 
cogredient isomorphism is the four-group.t| Hence the octic group and the 
quaternion group are the two groups of smallest order which admit auto- 
morphisms in which exactly three fourths of the operators correspond to their 
inverses. 

In the present section we shall consider the non-abelian groups of order p” in 
which the largest possible number of operators correspond to their inverses 
in some one automorphism. In particular, we shall prove the theorem: 
A necessary and sufficient condition that a group of order p™, p> 2, be 
abelian is that more than p™™ of its operators correspond to their inverses in 
one of its possible uutomorphisms. That is, at most p”~' of the operators of 
any non-abelian group G of order p” correspond to their inverses in a possible 
automorphism of G whenever p> 2. In what follows it will be assumed that 
p> 2 and that G is non-abelian, unless the contrary is stated. If exactly p™™ 
of the operators of G correspond to their inverses in an automorphism of G 


t MANNING, these Transactions, vol. 7 (1906), p. 233. 


these p”~' operators do not necessarily constitute a subgroup as may be seen by 
 *Annals of Mathematics, ser. 2, vol. 7 (1906), p. 55. 
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considering the automorphisms of the non-abelian group of order p* which 
involves no operator of order p’*. 

Suppose that more than p”~' of the operators of G should correspond to their 
inverses in some automorphism of G. Every invariant operator s would corre- 
spond to its inverse in this automorphism. If this were uot the case we could 
consider the quotient group of G with respect to the invariant subgroup 
generated by s. As not more than 1/p of the operators of G which would 
correspond to an operator of this quotient group could correspond to their 
inverses, it results that no more than p”~' of the operators of G would corre- 
spond to their inverses. This proves that whenever more than p”~' of the 
operators of a group of order p” correspond to their inverses in an automorphism 
of the group then every invariant operator under the group must correspond to 
its inverse. This theorem applies also to the excluded case where p = 2. 

To simplify the proof of the theorem that no more than p”~' of the operators 
of G correspond to their inverses in a possible automorphism, we may consider the 
quotient group of G with respect to an invariant subgroup of order p, and then 
the quotient group of this first quotient group with respect to one of its inva- 
riant subgroups of order p, ete. By this process we must arrive after a finite 
number of steps at an abelian quotient group. As more than 1/p of the operators 
of G are supposed to correspond to their inverses in the automorphism under 
consideration it results that all the operators of this abelian quotient group must 
correspond to their inverses, while the quotient group which immediately pre- 
cedes this abelian quotient group has a commutator subgroup of order p. Hence 
G cannot have an automorphism in which more than p”~' of its operators cor- 
respond to their inverses unless a group of order p® whose commutator subgroup 
is of order p has an automorphism in which more than p*~' of its operators 
correspond to their inverses. 

Suppose that A is such a group of order p*. Some non-invariant operator 
s of K must correspond to its inverse in the automorphism under consideration. 
Let A, be the subgroup of order p*~' composed of all the operators of A’ which 
are commutative with s. As the commutators of A are invariant under A they 
must correspond to their inverses in the automorphism in question, and hence 
all the operators of the invariant subgroup generated by s and by these com- 
mutators must have the same property. Consider the quotient group of A with 
respect to this invariant subgroup and observe that not more than 1/p of a set 
of operators of A which correspond to an operator of this quotient group can 
correspond to their inverses whenever this operator in the quotient group corre- 
sponds to operators of A which are not also in X,. 

If K, were non-abelian we would repeat the argument of the preceding para- 
graph as regards one of its non-invariant operators. Hence it remains only to 
consider the case when A, is abelian. As more than 1/p of its operators corre- 
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spond to their inverses in the automorphism under consideration it results that 
all of these operators must correspond to their inverses. We proceed to prove 
that none of the operators of A which are not also in A, could correspond to 
its inverse. The group of cogredient isomorphisms of A is assumed to be of 
order p’* so that A, involves p*~* operators which are invariant under A, and 
K, is generated by s and these invariant operators. Let s,, ¢ represent respec- 
tively a commutator of order p and an operator of X which is not also in X,, 
and assume that 
t*st=s,s, orthat 


0 


Since s,, s;' and s, s~' are two pairs of corresponding operators in the auto- 
morphism under consideration, as it was assumed that all the operators of /, 
correspond to their inverses in this automorphism, it results that ¢ cannot cor- 
respond to ¢-'. We have thus arrived at an absurdity by assuming that more 
than p"-' of the operators of a group of order p” can correspond to their 
inverses in some automorphism of the group and hence we have arrived at the 
theorem announced in the second paragraph of the present section, which may 
also be stated as follows: A non-abelian group of order p", p> 2, has no 
automorphism in which more than p"— of its operators correspond to their 
inverses. When p=2 there are non-abelian groups of order p”, for every 
value of m > 2, in which }p”~! of the operators correspond to their inverses, 
as was noted above. 

The p”~' operators of a non-abelian group of order p” which correspond to 
their inverses in a possible automorphism of the group do not necessarily con- 
stitute a subgroup. If they constitute a subgroup this must be abelian but it 
does not follow that the operators of every abelian subgroup of order p”~' in a 
non-abelian group of order p” can correspond to their inverses in a possible 
automorphism of the group. In fact, it is very easy to see that all the operators 
of any one of the p cyclic subgroups of order p”-! in the group of order p”, 
p > 2, which involves operators of order p”~' may correspond to their inverses 
in automorphisms of this group but the operators of the non-cyclic group of 
order p”~! cannot all correspond to their inverses in a possible automorphism of 
this group. That is, the group of isomorphisms of the non-abelian group of 
order p”, p> 2, which involves operators of order p”—' contains exactly p* 
operators of order 2 which transform p"—' of the operators of the group into 
their inverses. 

This special theorem may serve to illustrate the more general developments 
of the following paragraphs. In the first place, it should be observed that every 
automorphism of a non-abelian group in which exactly p”~' of the operators 
correspond to their inverses is affected by an operator of order 2 in the group of 
isomorphisms of this non-abelian group. This is evident in case the operators 


which correspond to their inverses generate the entire group. If they do not 
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generate the entire group they constitute an abelian subgroup and each of the 
remaining operators is transformed into itself multiplied by an operator of this 
subgroup. As the commutators must all correspond to their inverses, the 
theorem has been proved. It may be observed that this proof does not neces- 
sarily hold when the group of order p” is abelian, since in this case the commu- 
tators need not correspond to their inverses. 

Suppose that s,, s, are two non-commutative operators of any group, which 
correspond to their inverses in some automorphism of the group. From the 
1 


equations s, = s;'s;'s,8,, 88,8, = 8,8,8,, we deduce the following: 


8,8, = 8,8) 8) = 88,8, , 


-1 
s, = 5,8, 


Hence it results that s must correspond to itself in this automorphism. In 
other words, if the product of two operators, which correspond to their inverses 
in an automorphism of a group, is commutative with their commutator then this 
commutator must correspond to itself in this automorphism. Since no operator 
is transformed into its inverse under the group of cogredient isomorphisms of a 
group of order p”, p > 2, it results that if two non-commutative operators of a 
group of order p™, p> 2, correspond to their inverses in an automorphism of 
the group their commutator cannot correspond to its inverse in this automor- 
phism. 

This theorem is a special case of the theorem, if two operators and their com- 
mutator correspond to their inverses in an automorphism of a group this com- 
mutator is transformed into its inverse by the product of these two operators. 
The proof of this more general theorem results immediately from the following 
considerations. Since s,, s,, s;'s;'s,s, correspond to their inverses in some 


1 


automorphisms of the group involving s,, s, we have that s~'s;' s,s, must corre- 


; 8,8, and s,s,s;>'s;' in the automorphism in 


spond to both of the operators s,s, 


question. That is, 


(8, 8,) "8,8, = 8, 8,(8,8,)~', or (8,8,)’ = (8,8,)*. 


From the last equations and the fact that each of two operators having a com- 
mon square transforms into its inverse the product of one of these operators and 
the inverse of the other * the theorem in question results immediately. 

Suppose that G@ is a non-abelian group of order p”, p> 2, in which p™™' 
operators correspond to their inverses in an automorphism and these p”~' operators 
constitute a subgroup /7. It has been observed that /7 is abelian. We proceed 
to prove that G involves operators of order p which are not contained in //. 
Let s be any operator of G that is not also in H/ and let s, be the corresponding 
operator in the given automorphism. From the fact that the commutators of G 
correspond to their inverses it results that s, = s’s where s’ is an operator of //. 


*Archiv der Mathematik und Physik (3), vol. 9 (1905), p. 6. 
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Since s,s must correspond to s~'s's, s, being any operator of //, it results that 
some operators of G which are not also in // must correspond to themselves in 


the given automorphism. These operators must be of order p since their pth 
powers correspond to their inverses. Hence it results that a necessary and suf- 
ficient condition that a non-abelian group of order p”, p> 2, has an auto- 


morphism in which p"™~' operators forming a subgroup correspond to their 
inverses is that this non-abelian group involves an abelian subgroup of order 
p" which does not include all the operators of order p in the group. 

When the p”™ operators of G' which correspond to their inverses do not con- 
stitute a subgroup we may consider the smallest non-abelian quotient group of 
G. As the smallest non-abelian quotient group of any group of order p” has a 
commutator subgroup of order p and a group of cogredient isomorphisms of 
order p’, it results that the smallest non-abelian quotient group of G is of order 
p® since its generators correspond to their inverses in the given automorphism. 
As the commutators of order p of this quotient group correspond to themselves, 
the subgroup of G which corresponds to this commutator subgroup must involve 
p™~* operators which correspond to their inverses and form an abelian invariant 
subgroup of G. 

This invariant subgroup of order p”~* must be composed of invariant opera- 
tors under G since the commutator of any one of its operators and any other 
operator of G which corresponds to its inverse in the given automorphism is the 
identity, as this commutator corresponds to its inverse in this automorphism. 
Hence it results that G involves an invariant abelian subgroup of order p”~? 
which corresponds to the commutator subgroup of its smallest non-abelian 
quotient group, and that the group of cogredient isomorphisms of @ is either of 
order p’* or of order p*. This proves the theorem: Jf a group of order p”, 
p > 2, admits an automorphism in which p"~ operators, which do not consti- 
tute a subgroup, correspond to their inverses, the order of its group of cogredient 
isomorphisms is a divisor of p*. 
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ON MINIMAL LINES AND CONGRUENCES IN FOUR- 
DIMENSIONAL SPACE”* 


BY 


JOHN EIESLAND 


A study of the 20° minimal lines in four-dimensional space and the configura- 
tions obtained by considering certain ensembles of these will yield interesting 
results, if we employ a method similar to that used by Lik ¢ in the case of min- 
imal lines of ordinary space. 


$1. The minimal cone. 


Consider a minimal element-cone in space S,; its equation may be written 


(1) 
A flat space 
(2) AX, + BX,+ CX,+ DX,+ 


is said to be tangent to (1) whenever the following relation between the coef- 
ficients holds : 
(3) P=0. 
We shall call (2) a minimal space, when (3) is satisfied. There exist therefore 
oo* minimal spaces. 

We shall now express A, B, C, D as functions of two parameters so that (3) 
is identically satisfied. by writing 

A=s+t, B= i(t—s), C= st—1, D=i(st+1), 

so that the equation of the minimal space takes the form 
(4) (s+t)X,+i(t—s)X, + (st—1)X, + i(st+1)X,+ 


If now we wish to obtain a minimal J/,, we put / = F’(s, ¢) in (4) and differ- 
entiate with respect to s and ¢. We have then the following system 
(s+t)X,+i(t—s)X,+ (st—1)X,+i(st+1)X¥,+ =0, 
(5) NX, — iX, + + =0, 
X, + iX, + 8X, + isX,+ =9, 
* Presented to the Society, September 6, 1910. 


¢ LrE-SCHEFFERS, Geometrie der Beriihrungstransformationen, vol. 1, chap. 10, pp. 411-480, 


and chap. 12. 
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from which by eliminating s and ¢ we get the required minimal manifoldness 
M, expressed in cartesian codrdinates. If s and ¢ are considered fixed, we have 
the equations of a minimal line, which may be written, solving (5) for X,, X,, 
and YX, 


—i(s+t), (s+t)F+(1—8) Fi 4 (1-0) 


* 2(1 + st) 
t—-s 
(6) 2(1 + st) , 
—-tF' 
i,= 1 + st x, 1 + st 


If we consider s, ¢, F’, 


t 


as the codrdinates of the minimal line (6), 
we see at once that in four-dimensional space there exist 2° minimal lines, 
and through any fixed point pass c* such lines. 
If 
F=ast +bs+ct +d, 


we obtain the following system of lines 


1 + st 2(1 + st) 
2(1 + st) 

Y i(1—st) | d — ast 


which may be written in the form 


: 2 1 + st 2 
(8) 2 |. 
d—a i(1—st) i(a+d) 
| x.- 2 | 


Eliminating s and ¢, we obtain the minimal cone 


which may be considered as the ensemble of all the minimal lines passing 
through the point 
b+e i(e—b) i(d+a) 


4 
I 
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If now we consider F’, s and ¢ as cartesian codrdinates of a three-dimensional 
space S,, we may state the result obtained thus: 
To all the x* paraboloids F' = ast + bs + ct + d in the space S, there cor- 


4 minimal cones in S,. 


respond 
To all the x* points of the paraboloid correspond the 2* minimal lines 
which pass through the point 
c+h i(e— 6) i(d+a) 


There is a one-to-one correspondence between the paraboloids 
F=ast+bs+ct+d 
of the space S, and the points of a four-dimensional space. The addition of 
ast +bs+ect+d 


to the function F' in (6) has the effect of translating the minimal M, to the 
point (a, B,y7,6). Finally, by virtue of equations (3) there is established a 
one-to-one correspondence between the 2° minimal lines of S, and the x° sur- 
Sace-elements F',s,t, of S,. This correspondence will be discussed 
in Sections 7 and 8 of this paper. 

The system (6) defines an isotropic congruence of lines in four-dimensional 
space. If we interpret the quantities 7X, /dX,, dX,/dX,, dX,/dX, as coor- 
dinates in space at infinity, we see at once that any one of these lines meets the 


imaginary sphere at infinity in a point ; hence we may consider the quantities 


—i(s +t) t—s —i(st—1) 


(10) fee * 1 + st’ 14st 


as coordinates of points on this sphere. If we have an isotropic congruence, the 
quantities J’, #”’ and F’’ are fixed whenever s and ¢ are; hence, to every point 
on the sphere at infinity corresponds a minimal line of the congruence. 

§ 2. The focal surface. 

We may obtain a focal surface of the congruence (6) in the following man- 
ner. We choose a generator J of the congruence and pass through it a devel- 
opable surface of two dimensions, an J/,, whose generators belong to the con- 
gruence. If s, and ¢, are the parameters belonging to the generator D, it is 
clear that we must find a curve determined by a relation ¢ = ¢(s) such that the 
generators are tangent to it and moreover such that ¢, = ¢(s,). The curve will 
then be the edge of regression of the minimal developable J/,. Writing the 
condition that two consecutive generators intersect, we have in addition to the 
three equations (5) the following three : 


i 

| 
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(xX, iX,)dt — sd F'' ds = 0, 


(11) (X,+iX,)dt+ dF’ =0, 


If from the six equations (5) and (11) we eliminate Y,, \,, X,, X,, we obtain 
the two relations 
dF — F'ds— F'dt=9, 
— = 9. 


The first relation is obviously satisfied for any isotropic congruence provided 
F’(s, t) is finite and continuous and possesses finite and continuous derivatives. 
The second condition shows that the edge of regression is determined as either 
of the two solutions of the differential equation 


12) — = 0 
) 


which for s = s, gives t, = (s,). But such a solution always exists, hence 
there exist two minimal developables passing through an arbitrary generator 
D of the congruence. In order to obtain the focal surface of the co' minimal 
developables we substitute the value of dt from (12) in the last of equations 
(11), so that we have 


(13) X,+iX,+ F".+ VF", FY. =9, 
or, using the second value of ds, 
(13’) X,+iX,+ -VF", =9. 


The equations of the focal surface may now be obtained by solving (5) and (13), 


or (5) and (13), for X,, Y,, and Y,. We find 


X,=— 5 VF — + 


(14) 


Il 


5 (st +1)( + Fs) — + 


We have thus proved the 

THEOREM. An isotropic congruence of four-dimensional space has a focal 
surface consisting of two sheets. The edges of regression on the focal sur- 
Jace are minimal curves satisfying the differential equation 


— =. 


| 
| 
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Throw h each generator of the two minimal developable 8s 
] ] / 
M, which are tange nt to the surfu 

The linear element do of the surface (14) may be obtained without diffi- 
culty. We find 
for the focal sheet S, and 


(15’) det=V 


for the second sheet S,. Introducing the minimal eurves on S, as one set of 


coordinate curves, we may reduce the element (15) or (15’) to the form 
do* = 


where dX is a function of 8 and a second cobrdinate x which for (15) is such that 


the expression 
(16) 


is an exact differential. Similarly for (15’). The element is thus brought into 
the same form as that of a minimal developable in ordinary space referred to 
its minimal curves as one set of codrdinate lines. The focal surface (14) is, 
however, not deve lopable a jor the curves 8B = const. are not minimal straight 
lines, but curves. To show this it is only necessary to take a single example. 


We put # = 8’ and form the corresponding equations of the focal sheets : 


A, = 2st(s+t), A, 
(17) = 3st(st — 2), * +2), 
i 
AX, = jist(st +2). XV,=— ,st(st—2). 


The linear elements of these surfaces are respectively 


do; = — [ 21 sttds — 2] stsdt]’, 


do? = [21 sttds + 2 stsdt}?. 


If we consider the focal sheet S,, we have 


A= stst, 
so that we get 


Trans Am. Math. Soc. 28 


r 
| 
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Integrating and putting e® equal to a new #, we have 
8 
Choosing the lines ¢ for the second set of codrdinates, the equations for S, become 
X, = 2°8(1+8), X, = — 2it?8(8—-1), 
X, = 3° 8(@B8—2), X, = +2). 


The curves 8 = const. are minimal curves, since 
it is also readily verified that 


The second sheet S, reduces to a curve in the plane Y,=0, Y,=0. We have 


ds 


8 


it 
+ = dg, 
t 
hence, putting st = 8 the equations become 
X,= 9, 9, X,= — }38(8+2), X,=-5 B(B—2). 


§3. The linear element. 


In ordinary space a ruled surface whose generators are minimal lines is neces- 
sarily a minimal developable and its linear element is a perfect square. It is 
different in four-dimensional space. A ruled surface with minimal lines as 
generators is not in general a minimal developable. Let there be given a ruled 
surface 

X, x, =f,%+ 
+ $5, + 


and let us suppose that 8 = const. are minimal lines, in which case we must 
have 


(18) Sitti 


If this surface is a minimal developable, two consecutive lines on the surface 


must intersect, hence we must have 
X,=(f+ db, $,, 
X, = + + + Ib, + 
X, = (f, + + + dd, + $5, 


-) 
X; _ 9 
Ct op 
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from which we get 

or, 
(19) 
which is the condition that the ruled surface shall be developable. 

The linear element is now a perfect square. In fact, taking account of the 
relation (19) and the identities 


4 4 4 
1 1 


we have 
1 


The edge of regression is 


Ji J: 

J 3 J 4 


which is seen to be a minimal curve, if account is taken of the conditions (18) 
and (19). We have thus proved the 

THeoreM. Jf a ruled surface in four-dimensional space whose generators 
are minimal lines is a developable surface, its linear element is a perfect square. 

We have already seen that the converse of this theorem is not true, since the 
focal surface of an isotropic congruence is not developable, although its element 
is a perfect square. 

We shall now prove the 

THEOREM. Jf a surface in four-dimensional space has its linear element a 
perfect square, it is either a minimal developable, or the focal surface of 2' 
such developables. 

Let the linear element be written 


ds? = (1 ‘Edu+ 1 Gdv)*. 
If we put 
V Edu+vVv Gdv 


x = dB, 


where 2 is a function of u and v which will make the left side of the equation 
an exact differential, the linear element takes the form 


(20) ds? = 


) ar . dB. 
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There exist therefore on the surface 2! minimal curves 8 = const. (a single 
family it should be noticed) which may serve as one set of lines of reference, 
an arbitrary system 2 = const. being chosen as the second set. A minimal curve 


minimal curve ¢ this minimal develonable wil fouc 


8 = const. determines a minimal developable whose edge of regression is the 

h the surjuce along a 
curve whose direction is conjugate * to the curve B = const. In fact, we have 
from (20), 


(2 > 
ca cB 


OX. ) 


Ca Oa Oa 


From (21) and (22) it follows that the determinant 


vanishes. But this is precisely the condition that two consecutive tangent planes 
at (2, 8) and (a+ dz, 8) shall intersect in a line. The lines 8 and the lines 
whose direction is the direction of the line of intersection of the two tangent 
planes are therefore conjugate lines. Since the system a = const. was arbi- 
trary, we may introduce this conjugate system as our lines of reference. The 


new lines a will then be the solution of the differential equation 
+ gdB =9, 
where f and g are the determinants 
OX, OX, CX, CX O02, CA, FA, 


Cx Faye} C2 |’ C2. cB 


* There exists on a surface VW, in S, a double family of curves which have been called asymp- 
totic lines by K. KOMMERELL. They form a unique system of conjugate lines, that is to say, if 
we pass along an asymptotic line of the first set with a tangent plane to the surface, any two 
consecutive planes will intersect in a line whose direction is the direction of an asymptotic line 
of the second set. (It should be remembered that in S, planes intersect in general in a point. ) 
In ordinary space there exists at any point on a surface an involution of such lines passing through 
the point ; in S, there are only two conjugate directions at any point onan M,. See KOMMERELL, 
Thesis, pp. 30 and 31. Also a paper by the same author, Riemannsche Flaichen in ebhenem Raum von 
vier Dimensionen, Mathematische Annalen, vol. 60 (1905), pp. 548-596. KoOMMERELL’s 
thesis is entitled : Die Kriimmung der zweidimensionalen Gebilde in ebenem Raum von vier Dimen- 
sionen, Thesis, Tiibingen, 1897. 

The differential equation of these asymptotic-conjugate lines is : 


+-2fdadp + gdp? —0, 


where e, f and g are the determinants mentioned above. 


Differentiating the first with respect to a and 8, we have 
OX, 0X, 
= 
4 3 cz Care 3 
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The surface being thus referred to its unique system of conjugate-asymptotic 
lines, it follows from the property of such a system that if we pass along a curve 
a = const., the consecutive tangent planes will intersect in minimal tangent 
lines whose directions are those of the minimal curves 8 = const. The surface 
is therefore the focal surface of the 2° minimal lines determined by the curves 
8=const. If the curves 8 = const. are straight lines, the surface is a minimal 
developable. 

Consider now the foeal surface (14) and a generator 
D, tangent to the minimal curves C, and C, on the 


two sheets S, and S, respectively. Let 7, and 7, be a : 
the curves conjugate to C, and C, respectively and / / Ny, 
passing through the focal points /, and F’,. The / i 
tangent planes at consecutive points on an edge of / | 
regression intersect in a line which must be tangent f |) 
to the conjugate curve 7, at Likewise, tangent 
planes at /’, and at a consecutive point on 7’, intersect / re, 

/| 


in a line which is D,. Hence D, and the tangent to 
T, are conjugate and asymptotic directions on S, at F’,. 

7). 
If the curves C’,, satisfy the differential equation 


(23) V Fiids—V 


The same will be true on S, for the curves C 


the curves T, will satisfy the equation 
(24) V F':dt=9. 


Again, the equation (24) will be satisfied by the curves C, on S,, that is, by 
the edges of regression, while the curves 7, will satisfy the equation (23). We 
have thus proved the , 

THEorREM. On each sheet of the focal surface the family of lines whose 
differential equation is 


— =9 


constitutes a double set of conjugate and asymptotic lines. 


$4. The middle surface. 


The generator ) which determines a pair of minimal developables is a com- 
mon tangent to the two edges of regression on S, and S, respectively. Suppose 
now we take the mid-points of all the segments /’, /’,, /’, and /’, being the focal 
points. We obtain a new locus which we shall call the middle surfuce of the 


congruence. From equations (14) we find that the equations of this surface are 


}[(e+t) Fy, — 


2 

| 
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I 


i 
(25) 
X,= 5 [(st+1)# —sF' + 
The lines s and t on the surface are minimal lines. In fact, if we caleulate 


the linear element dS we find that 


and 
Cs ct 


vanish and the following simple form results 
(26) dS? = F':dsdt. 

We shall next prove the following 

TueoremM. The surface (25) is the envelope of the «2* minimal spuces, 
(27) (s+t)X,4+ i(t—s) X, 4+ (st —1)X, 4+ i(st+1)X,+ F=0. 
In fact, this space passes through the four vertices (s, t); (s+ ds, t); 
(s,t¢+dt); (s+ds, t+ dt) of the elementary quadrilateral formed by the 


coordinate lines s and ¢. From (25) we have 


OX OX, 2 
dg ti(t—8) + (#—1) Ge 
(28) (s+t) ap i(t—s) + (st -1) ap t = 0, 


ox 


OX, ° \ X; . 
(4 + t) Cs ct + u(t Ds dt (st —1 ) Cs Ct + + 1) CsCt 


a9 r 


which proves the statement. The minimal lines of an JZ, being given by the 


equations 
(s+t)X, + i(t—s)X, + (st —1)X,+ i(st +1)X,+ F=0, 
(29) X, — iX, + ¢(X, + iX,)+ =0, 
X, + iX, + X, + =0, 
the middle surface may be obtained by adding to this set the minimal space 
(80) X,+iX,+ =0 


and solving for X,, X,, X, and X,. The minimal space (30) is obtained by 
differentiating either the second of (29) with respect to s, or the third with 


respect to ¢. 


3 
q 
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If we choose F’ as a solution of the differential equation 


4 


(31) X, = 5 [(s#+1)F" + =0, 

we shall obtain a surface situated in ordinary space (Y,, Y,, Y,). The 
general solution of (31) is 

(32) F=2tS + 2sT—(14st)(S'+ 7’), 


where S and 7’ are functions of s and ¢ respectively. Introducing this value of 


F’ in equations (25) we find the following equations 


AN, 4+tT —T, 


— isS’ + — iT, 
(33) 

X, 


which we recognize at once as the most general equations of a minimal surface 
in the so-called Weierstrassian form. The corresponding focal surface is obtained 
from (14) by substituting for /’ the value obtained above. We have then, 
calling the coordinates of the focal surface Xx; } # as X, and those of the 


middle surface X,, X,. Y,, X,,(X,= 9), 
X =X +£3(s+t)(14 st)V S87", 


(34) 
X, = 


X 


where the upper sign goes with the focal sheet S, and the lower with S,. 
From these equations it appears that the focal surface may be obtained in the 
following manner when the minimal surface is given: We construct in ordinary 
space, XY, = 0, the point (_X,, X,, X,) on the minimal surface ; from this point 
we lay off a distance if, where / is one of the principal radii of curvature of 
the minimal surface at the point (X,, X,, X,), parallel to the X-axis; the 
point thus found is a point on the focal sheet S,, if the upper sign is used. If 
the lower sign is used, we obtain a point on S, which is symmetrical to the first, 
the center of symmetry being the point s, ¢ on the minimal surface. That 
X,=+iR may be verified in the usual manner. (See Darsoux, Théorie 
générale des surfaces, vol. 1, p. 302, equations (15).) We may therefore say : 


| 
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A minimal surface in ordinary space is the middle surface of a certain 
minimal congruence of four-dimensional space, viz., the congruence for which 
F is defined by equations (32). 

This new definition of an ordinary minimal surface suggests a definition for 
a minimal surface in four-dimensional space. The usual definition fails when 
extended to higher space, since two surfaces meet usually in discrete points.* 

Definition. A minimal surface in four-dimensional space is the middle sur- 
Jace of an isotropic congruence. 

The most general equations of such a surface referred to its minimal curves 
are given by (25). They include ordinary minimal surfaces in three-dimensional 
space, namely when /’ is a solution of any one of the four differential equations 

(s+t)F" —F' — =0, 
(s—t)F —-F'+F.=0, 


(t +1)F" —sF' + F=0. 


Either one of the four values of /’ introduced in (25) will give the equations 
of an ordinary minimal surface in the most general form. The solution of the 
last equation will furnish, as we have seen, the Weierstrassian form; the other 
forms may be deduced from this by the usual substitutions employed in the 
theory of minimal surfaces. 


$5. Orthogonal projections. 
We shall put the equations of the focal surface (14) in the following form: 
(12) 
A,=X,t3(8+t) VF 
i yer ee 
A, = 5(8—t) VF 
(36) 


X,= X,+ 3 (st-1) v 


4 


X= X,45(st+1)V 


where XY, are the codrdinates of the corresponding middle or minimal surface. 
The following relation between the coordinates XY, and .X, is seen to hold: 


(37 ) (X, X, + ( X, y + ( Xx, X,)’ + ( Xx, Xx, = @. 


We shall now make use of a transformation which has been employed by Lie 
in the case of n=3.¢ Let (X,, X,, X,, X,) be the vertex of a minimal 


*See KOMMERELL, loc. cit., p. 588. 
+See LiE-SCHEFFERS, loc. cit., pp. 428-429. 


| 
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cone in S, and (#,, 7,, ,, 7,) the running codrdinates. The equation of the 


cone is then 


(88) (#, — X, (2, + (2, — + (2, - X, =0. 


If we cut this cone by the space 2, = 0, we obtain the sphere in three-dimen- 


sional space SN, 


(39) — + (, — -X,)? + (#2, — + =0. 


2 4 \ i 4 
We now establish a correspondence between the points of the space 


(X,, and the spheres in S, by means of the transformation 


such that the vertex of the minimal cone is projected on Y,=9 into the center of 
the sphere, the radius being equal to 2=/N,. To every point (.V,, V,, V,.-X,) 
corresponds a sphere of radius /2 and center (w,.,,.c,, 9), and conversely, to 
every sphere in the space = 0 with center and radius there 


correspond the two points 


(41) X,=7, X,=7, X,=7, X,=+ik 


in If two points (.Y,, X,, Y,) and V3.4), lie in a mini- 
mal line, the corresponding minimal cones are tangent to each other, and the cor- 
responding spheres in S, will also be tangent to each other, since 


To all the points of a minimal line correspond x! spheres which touch at the 
point of intersection of the minimal line with the space XA, =(. This means 
that the spheres have a surface-element in common at that point. 


Consider now a flat space 7; it intersects the 


space at infinity ina plane. The pole of this plane P i 
with respect to the (imaginary) sphere at infinity is re 
the point at infinity which determines the direction Ty) 


of the 2* normals to /. If this pole lies on the /] 
sphere, of these normals will lie in and £ is 


a minimal space. Cc 
ry’ . . . 
Ihe tangents to a minimal curve form a minimal 


developable. Let 7’ be any one of these tangents 


and /? the point of contact; the intersection of the al 
space A, = 0 with this deve lopable will be a twisted 
curve C’ of that space. We shall now project the Fic. 2. 


space S, orthogonally on the space Y, = 0. Let 0 
be the point of intersection of the minimal line 7 with Y, = 0, and let A’, the 


intersection of .Y,=0 with the minimal space /# determined by 7, be the 
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plane of the surface element at Q. Since this plane is contained in Z, the 
line 7’, being normal to /, must be normal to every line and plane in /’; hence 
T is normal to A. The projection of 7’ on X,, or QQ’, must also be perpen- 
dicular to A’. Hence, when the point ? moves along the minimal curve, the 
projected point ( moves along the curve C’ which is an evolute of C’. The 
line C’ is therefore a line of curvature on the surface obtained by intersecting 
the isotropic congruence with the space Y,=0. Hence the 

THeoreM. The orthogonal projection of a minimal curve M on the space 
X, = 0 is an evolute of the curve of intersection of the developable of M with 
that space. 

We have seen that a congruence of minimal lines determines a double family 
of minimal developables and that it has a focal surface which in general consists 
of two sheets on which are situated the oo' edges of regression of the developables. 
If now this entire congruence be projected orthogonally, we obtain curves and 
surfaces which we shall study in detail. It will be convenient to use the 
analytical method, although a purely geometric method might also be applied. 

If we cut the minimal congruence (6), § 1, by the space XY, = 0, we obtain 
a surface in three-dimensional space whose codrdinates we shall denote by 
v,,0,,and We have then 


1 
(1—s*)F’ + (1 


(42) 2(1 + st) 


We shall call this surface the surface of reference of the congruence. We see 
at once that the equations (42) are those of any surface in S, referred to the 
curves of contact of tangent cones which have their vertices on the imaginary 
circle at infinity ; these curves (s and ¢) have for spherical images the rectilinear 
generators of a sphere. (Compare Darpoux, I. ¢., vol. 1, p. 243, and equa- 
tions (33), p. 246.) 

To the minimal curves on the focal surface of the congruence correspond lines 
of curvature on the surface of reference. In fact, the differential equation of 
the minimal curves is 


(12) F'.d? — =9, 


which is also the differential equation of the lines of curvature on the surface 
(42). The directions of these lines at any point s, ¢ are the bisectors of the 
angles between the coordinate curves.* 


*See DARBOUX, I. c., vol. 1, p. 243. 


4 
¢ 
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If now we project the focal sheets orthogonally on the space .Y, = 0 by means 
of the transformation (40), we obtain the equations 


1 


i 
(43) = —al 


3[(st —1)( +/ FoF.) —sF" + F}, 


R= —3[(st+1)( FP. 4V —tF + 


The first three equations are seen to be the equations of the surface of centers 
of the surface of reference, while the last equation gives the values of the 
principal radii of curvature of the surface. The minimal curves on the focal 
sheets in S, become geodesics on the surface of centers (by the theorem on p. 
416). The isotropic congruence becomes the normal congruence with respect 
to the lines of curvature of the surface of reference. The middle surface of 
the minimal congruence becomes the middle surface of the normal congruence. 


If, in particular, F’ is a solution of the equation 
(st+1)F"' —tF + F=0, 
the system (43) reduces to (84), while the value of 7 is 


which is the expression for the principal radii of curvature. We notice that 
they are numerically equal with opposite signs ; hence, the middle surface is an 
ordinary minimal surface, as was proved before on p. 413, and it is identical with 
the surface of reference of the minimal congruence. Hence the 

THeoremM. Jf the middle surface of a minimal congruence in four-dimen- 
sional space is a minimal surface in ordinary space, it is identical with the 
surface of reference. 

The two conjugate-asymptotic directions on the focal surface in S, become 
conjugate directions on the surface of centers, the geodesics being one family 
(corresponding to the minimal curves) and the second, the curves of contact of the 
developable surfaces determined by the second family of lines of curvature on 
the surface of reference. In this particular case, then, conjugate directions are 
preserved when the surface is projected orthogonally on XY,=0. As an example 
we shall take the case /’= s*¢ used before. The focal surface (14) becomes, 
when projected orthogonally on to the space #,, 


I 
i=} 
| 
bo 


Sia(a +2). 


| 
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Since the lines 8 = const. are minimal curves on the focal surface (14), they 
are geodesics on the surface of centers. The lines a = const. are conjugate to 
these, since the expression 


OZ, OF, Oz, OF, Or, OF 
Ca Oa Cr On Ca 
Cx, OF, OF, OF, C2eB 


2 3 
op faye} faye} oO / op 
vanishes identically, as a simple calculation will show.* The surface of refer- 
ence is 


where « and £ are lines of curvature. This surface, though written in imagi- 
nary form, is real; in fact, writing the surface in the form 
st(s + ¢)(2—st) ist(t — s)(st —2) 33°? 


= 


2(1 + st) 2(1 + st) 


we may obtain a real form by making s and ¢ conjugate imaginaries; thus, 
suppose we put 


s=pt+iq, t=p—iq, 
then 


l+pt+¢ 


== 


All the focal surfaces (14) in S, are imaginary, as are also the minimal devel- 
opables belonging to a focal surface. The surface of reference, as well as the 
surface of centers and middle surface, will in general have real sheets which are 
obtained by making s and ¢ conjugate variables. The middle surface of a min- 
imal congruence will have real sheets only if it lies in a three-dimensional 


space, in which case it is an ordinary minimal surface. 


§6. Translation surfaces in S,. 


We shall now consider the case where the middle surface, or “ minimal ”’ sur- 
face of the congruence is a translation-surface. The most general solution of 
the differential equation 


* The second focal sheet being a focal line, the second sheet of the surface of centers is also a 


line. DARBOUX has discussed such surfaces, |. c., vol. 1, p. 226. The surface of reference in 
this case is the envelope of a sphere of variable radius whose center describes the curve 7, = 0, 
0, 7; = —a/2(a-+2), the radius being R — «/2( 1—2); the surface is a canal surface. 
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4 j ») 


where S and 7’ are two arbitrary functions of s and ¢ respectively, will give a 
value of F’ such that the corresponding surface is one of translation. If we put 
the left side of (44) becomes 

(45) 
which is of the form S+ 7’. Introducing the function F’ obtained by integrat- 
ing the equation 

that is to say, 
(46) FatS+sT+ 8,47, 
in the system (25), we obtain expressions similar to (45) for the remaining 
coordinates, viz: 


_ 4 S’] 4 Ce T + 


(47) | 
7-7], 


which may be written in the following form 


l 


| (sS” + 8S" )ds+ | + )dt, 


(47°) 
Xx, =— + S”)ds tT, \dt, 


X,=-35 [ (os; — S")ds—5 fcr — T’)dt. 
The focal surface may now be obtained by substituting the value of 7’ in equa- 
tions (36). We find, denoting the coordinates by XY, and those of the middle 


surface by X,, 


X, = 5 (#—t)V(t8" + + TY), 


A, = X,+}(st—1)V(tS" + + T,), 
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X, = + S/)(sT” + 


which is not a translation-surface. 

If, in particular, we put S= 28 — 38S’ , T=2 Tat. S=- S’, 
T, = — 7’, we obtain the ordinary minimal surface (33). From the form of 
equations (47) we see that these translation-surfaces are imaginary. Since the 


equations 


asf —S—S,, X, = —i(sS’ — S'), 
(49) 
X; (3S) +S S,), AX, = — -S- S,) 

give the most general parametric representation of a minimal curve in S,, it 
would seem that (47) represents the most general translation-surface whose 
translation curves are minimal, and that they are therefore all imaginary. This 
is, however, not so. In fact, a real translation-surface may be obtained in the 
following manner: Consider two curves like (49); the locus of the middle points 
of all the chords joining the two curves will be a translation surface (47), that 


is, we have 


X, =3(¥,+ 4,), X, = 3(X,4+ %,), 
(50) 
AX, = 3(X,+ 4,), X,=3(X,+4,), 


X, being the coordinates in (49) and X, the codrdinates of the curve 
A, X,=i(tT’—T+T)), 
A,=—(tT\/+ —7,), X,=-—i(tT,—T’ —T,). 

The surface (47) has no real sheet; if, however, we project the curve (49) by 


means of the transformation X,|= X,, X, = X,, X, = X,, X,= — X,, i.e., 
if we reflect the curve with respect to the space 1, = 0, we get the curve 


(51) 


=sS’— 

X, = —i(sSi— S+8'), 

X, = —(sS,+ S’—S,), 
X,=i(sS; — S’—S,). 

If now we use (50’) instead of (49), we get the surface 


(50’) 


X, = — 8+ —T+T%], 
(52) 


(08; + + 7). 


X = ,[t7,-T —T,], 
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and this surface is real when s and ¢ are chosen conjugate imaginaries, as an 
easy calculation will show. Hence we have the 

THEOREM. To the imaginary translation-surface in S, which is the middle 
surface of an isotropic congruence there corresponds always a real surface 
obtained by reflecting in one of the coordinate spaces. 

The real surface (52) is not a “ minimal” surface, that is, the middle surface 
of an isotropic congruence. It may be constructed as follows: From the point 
S,, the projection on the space Y, = 0 of a point on the curve (50), we draw a 
parallel S, 1 to the chord S7 which joins a point S of (50) to a point 7’on (51). 
We project P, which is a point on the surface (50), drawing the line P/’’ which 
meets the line S,.M/ at P’; this point is then a point on the surface (52). (See 
figure 3.) We notice that P’ is the middle point of a chord joining S’, the reflec- 
tion of S, to 7. 

Two curves, (49) and (51), being given, there exist two real translation-sur- 
faces whose generating curves are minimal curves. To a point Q on one real 


Fia. 3. Fic. 4. 


surface obtained by using the curves C’, and C’) corresponds a point Q’, the 
reflection of (, on another real surface obtained by using the curves C,, C, 
and C’| (C{ and C’, are reflections of C, aad C, with respect to the space 
X,=0). 

The two real surfaces are therefore reflections of each other. In the same 
way, the imaginary translation-surfaces determined by C,, C, and C), C) are 
reflections. If the translation-surface is contained in the space Y, = 0, the 
points P, Q, P’, Y all coincide at O, and the surface becomes a minimal 
surface in ordinary space (Fig. 4). ‘To these real surfaces belong the “/?- 
Flichen” studied by K. Kommerell.* These so-called “ minimal ” surfaces are, 


*K. KOMMERELL, l. c., pp. 543, 596. The equations of the R-Flichen are : 


, i(s—t) 
’ 9 ’ 


X,=3(8+T), X=—x(S—T). 


C, 
q / 
Q 
X=0 / \ 
/ / ‘ 
4 / | 
S 
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by our definition, not minimal, since they can only become middle surfaces when 
contained in the space X,= 0, in which case they become ordinary minimal 
surfaces. 
$7. Line and sphere geometry. 
We have found (p. 405) that to the oo* hyperboloids 
F=ast+ Cs+ct+d 


in the space ( s, ¢) correspond co* minimal cones in S,. If now we transform 


the space ( #’, s, ¢) by means of Euler’s transformation 

(1) y=t, 2= p=-s8, q= 

the hyperboloids will be transformed into the 2° lines of ordinary space, viz.: 

(2) z=cy+d, 

to which must be added the following : 

(2’) qg=—apt+e, 

which determines the relation between the coordinates p, q and —1 of the 

planes of the 20” surface-elements of the line (2), so that to the oo” surface-ele- 

ments of a given hyperboloid there correspond the oo surface-elements of the 

line. We have thus a one-to-one correspondence between the co‘ minimal cones 

and the 20° lines of a three-dimensional space S,. To a line (a, b,c, d) in S, 

corresponds a minimal cone whose vertex is (p. 404) 


b+e i(e—u) d—a i(a+d) 
(3) 2 B= 9 ,= 2 2 


To two lines that intersect there correspond two minimal cones that are tangent 
to each other ; in fact, the condition that two lines 


=ay+h, z=cy+d, 


~ 


(4) , 
z=cy+d, 


~ 


shall intersect is 


(5) (a 
The coordinates of the vertices of the corresponding cones are 
b+e i(e—b) d—a i(a+d) 
* B= 2 ’ 3 


, t(a+d’) 
> = 9 ’ 


: , i(e—b') , &€—ad 
2 2 2 


4 
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from which we obtain by solving 

a= —(y+i8), b=—(2—i8), c=—(2+iB), id, 


Substituting these values in (5), we have 


(6) (a —a)*?+(8 —B)*4+(7¥ 
which is the condition that two minimal cones shall be tangent to each other. 


In particular, if the two lines are consecutive, the relation (6) becomes 
(T) de + dB? +dy+d°®=090. 


If the line (a, 6, c, d) be fixed and the line («’, b’, ec’, d’) variable, the locus 
of the corresponding variable vertex is a minimal cone. Hence, to all the 2* 
lines of aspecial null-system in S, correspond the co* minimal eones in S, whose 
3 

vertices lie on another minimal cone. 

The equations (2) and (2’) show that if the coordinates y and p of the surface- 

) y 

element are fixed, the remaining three, viz.: 2, z and q, are determined. But 
fixing y and p also fixes s and ¢. Therefore to all the 2° surface-elements of a 
line in S, correspond the 2° minimal lines of a minimal cone in S,. 


Let there be given in S, a non-special null-system which may be written 
Ad — Bb+ C(be—ad)+ Da+ Fe+ G=90; 
to it will correspond in S, the sphere 


i(B+E) A—D i(A+D). G 


which may be written 


B-E\? i(B+E)\? D—A\? i(A4D)\? 
20 )+(8- 2C' 2C' )+(8- ) 


BE+AD+CG 
Cc” 


(9) 


Hence, to all the co* lines of a non-special null-system in S, correspond the 2* 
minimal cones in S, having their vertices on a fixed sphere. If we consider 
each point of the sphere (9) as the carrier of a minimal cone, we have a one-to- 
one correspondence between the oo° null-systems of ordinary space and the 2° 
spheres of four-dimensional space. If the null-system is special, 
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BE+AD+ CG=0, 


and this means that the fixed sphere (19) is a minimal cone. 

The geometry of a linear complex in S, is thus seen to be equivalent to the 
geometry of a complex of minimal cones in S,. It should be noted, however, 
that the null-system must be conceived of as an aggregate of surface-elements, 
that is to say, the 00° lines and their corresponding surface-elements of which 
each line has 0°. To each surface-element of a line belonging to the null- 
system corresponds a minimal line passing through a point on the fixed sphere, 
that is, to a surface-element corresponds a minimal element. We shall return 
to this interesting fact later and proceed now to explain briefly the distribution 
of the linear elements of the minimal cone. 

We have shown, p. 405, that s and ¢ may be regarded as curvilinear coordi- 
nates on the imaginary sphere at infinity, which we shall denote by S,,, the curves 
s = const. and ¢ = const. being the generators of the sphere. By Euler’s trans- 
formation, y = t, p= — 8; hence all the surface-elements of the line (2), p. 422, 
for which y = const., give minimal lines through the vertex of the minimal cone 
in S, which meet a ¢-generator of S,. Similarly for the surface-elements 
p =const. The minimal lines through the vertex of the minimal cone are thus 
arranged in two families of planes corresponding to the two families of genera- 


tors ¢and son S,. These planes are the minimal planes of the cone. 


§ 8. Lie’s line-sphere geometry. 


We shall now return to the congruence of minimal lines (5), § 1, and write it 
as follows : 


(10) X, — iX, + tXY, + F’ =0, 


X, + iX, + + isX,+ 


Introducing Euler’s transformation (1), this congruence becomes : 


| 


yX, + X,+iX,+2= 


(11) X, —iX, 4+ yX, 4+ iyX,4+2 
A, + iX, px, ipX, +q= 0, 


which equations solved for X,, X, and X, may be written 
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PY Ate py) 
2 ome py l — py) 
3 l—py  1- PY 


The condition that two consecutive minimal lines shall intersect we obtain as 
before by differentiating the system (11) with respect to the parameters «, ¥, 


z,p,andy. We have 


(13) ( XA, LX, dy +dr=0, 
— (X,+ iX,)dp + dq=09. 


Eliminating the codrdinates .Y, from (11) and (13) we find the following 
conditions : 


dz _ pdx _ qdy = 0, 
(14) 
dp dx. dqdy =Q. 


The first equation expresses the condition that two surface-elements corre- 
sponding to the two consecutive minimal lines shall be united. The second 
expresses the condition that the line of intersection of the planes of the 
surface-elements joins the two consecutive points #, y, z, and »+ dr, 
y+dy,2+dz. If therefore we have in S, a minimal curve, there will corre- 
spond to it in S, an element-band the planes of whose surface-elements osculate 
the point-locus of the band. To a surface z= /(#,y) in S, corresponds a 
minimal congruence ¢(X,, X,, X,, Y,)=9. To the two minimal develop- 
ables determined by a generator D of the congruence correspond two asymptotic 
lines or bands on the surface z= f(#, y), one of each family; hence, to the 
two families of 2' minimal developables contained in the congruence ¢ = 0 
correspond in S, the two families of asymptotic bands on the surface, and to 
a minimal curve of the developable (an edge of regression) corresponds an 
asymptotic curve. 

We shall now project the space S, into a space S, by means of the transfor- 
mation (40), p. 415, which transforms the minimal cone 


(.Y, + iX,)dy +dz=09, 
a 
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(15) (X,—8)' + (X,— +(X,- 87 =0 
into a sphere in ordinary space (_X,, X,, -Y,), viz.: 
(16) 


(a, 8,7) being the center and + 76 the radius. We notice that the corre- 
spondence is a one-to-two owing to the double sign of the radius R = + i6, 
that is to say, to the cone corresponds a sphere, while to the sphere correspond 


two cones, viz.: 


(17) 
and 


(X,— 2) + (X,— 8) + (AX, — 7) + (X, 4+ = 9. 


To a minimal line in S, corresponds a surface-element in S,, while to a minimal 
cone (a, 8, y, 6) corresponds a sphere of radius ié considered as an ensemble 


of its 2° surface-elements. Further, to a minimal congruence will correspond a 


surface and to the o' minimal developables the co' lines of curvature on the 
surface, these being considered as bands (curvature bands). Comparing now 
the two spaces S, and S, with S,, we see that the same configuration in S, has 
been transformed into two different configurations in S, and 8, of such a nature 
that lines in S, correspond to spheres in S, and asymptotic lines to lines of cur- 
vature. Further, since by the transformation (40), p. 415, the relation (6), $7, 


becomes 


+ + RY, 
it follows also that to lines that intersect in S, correspond spheres that touch. 
The relation between the surface-elements of S, and S, must therefore be of 
such a nature that a contact-transformation transforms the elements of S, into 
those of S,. This contact-transformation is obtained at once by putting X,= 0 


in equations (12), p. 424, viz.: 


y(z—yq) +9 — pr 


1 — py’ 


H 
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If to (18) we add the two equations giving the values of the coordinates 7’, 


and P,, (obtained from (12)), we have 


Equations (18) and (19) give the required contact-transformation, which we 
recognize as the well known line-sphere contact transformation of Lie. This 
method of deriving the transformation is, we believe, new and perhaps not with- 
out interest. 

In conclusion we give the following table showing the relation between the 


elements of the three spaces S,, S,, and S,: 


BPRCE BRACE Mes Ags. SPACE S, ( 2, DP, 
I. A surface-element. I. A minimal line. I. A surface-element. 
II. a) dX, — P, dX, II. Intersecting consecutive II. a) dz— pdx — qdy = 90. 


ITT. 


— PdX.=0. minimal lines. b) dpdx + dqdy = 0. 


b) (aX, + P,dX,)aP, 


—(dX,+ P,dX,)dP,=0. 


The co? surface-elements III. The «? minimal lines ofa III. The x? surface-elements 
of a sphere, center a, 8, minimal cone, vertex a, of the line 
y, radius + 76. x =—(y7 + 165)y—(a—is), 


y=—(a+is)y+y7— 


q= (7+ 15)p—(a+iB). 


The «! element bands of IV. The o' plane pencils of a IV. The o!' surface-elements 
a sphere whose point- minimal cone ; two fami- of a point, ora ‘‘ hinge,’ 
loci are the rectilinear lies, p=const., q=const. and the «!' surface-ele- 
generators of the sphere. ments of a line (flat 

. A spherical band. V. A two-dimensional mini- V. A twisted band. 
mal cone, vertex a, £, 
7, 5. 

A surface. VI. A minimal or isotropic VI. A surface. 

congruence. 

An ensemble of o! sur- VII. A minimal developable. VII. An ensemble of o! sur- 
face-elements forming a face-elementsformingan 
curvature band on the asymptotic band on the 
surface VI. surface VI. 


The double family of cur- VIII. The «! minimal develop- VII. The double family 
vature bands on VI. ables contained in an asymptotic lines on VI. 


isotropic congruence VI. 
(A double family, since 
generator deter- 
mines two developables. ) 


j 
IV 
\ 
VI 
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IX. A congruence of «’? 
spheres, the so-called 
curvature spheres, be- 
longing to the surface 


X. System of «* spheres cut- 
ting a fixed sphere at a 
constant angle. (See 
LIE-SCHEFFERS, loc. 
cit., vol. I, pp. 651-654.) 

WEsT VIRGINIA UNIVERSITY, 

May 20, 1911. 


IX. The minimal congruence 
considered as an aggre- 
gate of oo”? minimal 
cones, each cone having 
a line-element in com- 
mon with a line of the 
congruence on an edge 
of regression. 

X. System of o* minimal 
cones having their ver- 


tices on a fixed sphere. 


IX. A congruence of «? lines 
consisting of the «7? lin- 
ear tangents along the 


asymptotic lines. 


X. Linear complex, or null- 
system. 


3 
j 


VOLTERRA’S INTEGRAL EQUATION OF THE SECOND KIND, WITH 
DISCONTINUOUS KERNEL, SECOND PAPER 


BY 
GRIFFITH C. EVANS 


In an earlier paper + we have considered integral equations of the second kind 
with variable upper limit whose kernels in spite of discontinuities were abso- 
lutely integrable, and by change of variable we were able to show the exist- 


ence of solutions in some special cases of equations § where the kernels belonged 


to a rather general type and were not absolutely integrable. In this paper we 


take up that type in more detail. In particular, we study the equation 


24 (2) 4 | 
( ) ) D ( 


) 
U E ) dé 
) 
where A(x, &), the numerator in the expression for the kernel, is continuous in 
the triangular region 
T: 


and f(a), g(«), comprising the denominator, are continuous in the interval 


t: 
References to the Eurlier Paper. 


(1) u(x)= p(w) + a(x, 


(9) + u(&)dé. 


* Presented to the Society, September 13, 1909. 

+ Transactions of the American Mathematical Society, vol. 11 (1910), p. 393. 
The numbering of equations and sections is continued from that paper, and reference to it in the 
present paper is made merely by letter and number. For the more important references see 
below. 

Equation (1). 

§ Equations (9), (16), (17). 


(16) = + | (E) dé. 
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Condition (A). A real function of the two variables x, & is to be continu- 
ous in the triangle T7:¢a=&=>x=b, b>a=0, except on a finite number of 
curves, each composed of a finite number of continuous pieces with continuously 
turning tangents. Any vertical portion is to be considered a separate piece, 


(17) u(x)= h(x) + -u(&)dé. 


and of such pieces there are to be merely a finite number, x = 8,, x= 8,, ---, 
«=~. On the other portions of the system of curves there are to be only a 
finite number of vertical tangents. Hence by any line x = x, x, + 8,,---,8,, 
the system of curves will be cut in only a finite number of points. 

Condition (B). In the region ¢: a=x2=)b, a real function of the single 
variable x is to be continuous except at a finite number of points, y,, ---, ¥,, 
and is to remain finite. 

Problem from Hydrostatics. Suppose we are given a tube, lying in a ver- 
tical plane along a curve of arbitrary shape, s = u(a), where s is the distance 
along the curve and ~ the altitude. Let us fill this tube with a liquid of vari- 
able linear density v, and then regulate its height x in the tube by allowing 
various amounts to flow out through the bottom. Let us then regard v as an 
analytic function of the depth in the liquid, i. e., v = v(w — &). 


If 


v(a — 
h(w)=* 


| u'( E)dé 


is the average linear density and v(«) = w(x), the equation to determine v(x) 


from h(a) is 
*G(a—&)—g (2x) 
where 
G(0)=0, 
and 
g(0)=0. 
9. Existence theorem for equation (24). 


We have the following existence theorem : 


THeorem. Jf in equation (24) 


; 
i 
3 
4 
i 
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1°. (a) K(x, &) is continuous in T, and f(x), g{x) and their first deriva- 
tives are continuous int; 
(5) OK(ax, &)/exr and CK (ax, & )/C& satisfy condition (A) and are finite 
in T; 
(c) (x) is continuous in t except at x =a, and is such that the function 
$(x)g(x) and its first derivative satisfy Bint; 
2°. the function f( v)g (x2) is greater than zero in t except for the value 


a =a, and for the value x =a vanishes in such a way that 


dx 
is not convergent ; * 
3°. K(a,a)+09: 


4°. lim 


then under the foregoing conditions, 
(i) if K(a,a) <0 there exists one solution of (24) continuous throughout 
t, and 
(ii) if K(a, a) >9 there exists a one parameter family of solutions of 
(24) continuous throughout t except possibly for the value v =a. 
As x approaches a each solution remains less than some constant 
times f( a) /( — a)” where v is any number that satisfies the two 


conditions 


In regard to v it is easy to see that the two conditions (a), (b) under (i/) can 
always be satisfied. For since f(a) and g’(«) are supposed to be continuous 
in ¢ and not negative, since that would make f(x) or g(a) negative, 
{d/dxe| f(«)g(x)]},_, will be finite and not negative, and 


1 


d 
dx )] 


will always be less than 1. 


* Otherwise by change of variable v(x) —wu(«)/g(2x) equation (23) is changed to one that 
satisfies the conditions of the theorem of section 1. And in that case there would then be one 
and only one finite v(«). 


} 
| 
(a) 9, 
1 
(b) y>1— ja 
{ 
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10. A theorem that implies the theorem of section 9. 


A theorem that lies closer to the method of proof that we have adopted, and 
which implies the theorem just stated, is obtained by substituting in the hypoth- 
esis for 1° (6) and for 3° the conditions 

lL. (b) OK (x, &)/Ox satisfies A and is finite in T ; 

3. AK(a,a) +0; lim_,[ A(#,2)— exists, where v 
is defined as in section 9. 

Moreover as the method of proof will show, if (a, a) <0, we may always 
put v= 0 without other change in the theorem. Also if A(a,a)>0 and 


theorem holds if vy = 0 be substituted throughout. 


d/dx( f(x) g(x) <1 we may take y= 0. So that for most cases the 


11. Approximate Equations. 


The results of this theorem are obtained by means of a method of approxima- 
tion, for the purpose of which the solution of the simpler equations 


( 
e/a 


is necessary. If (25) has a solution, continuous except for a finite number of 


(25) u(x) E 


points, even when the discontinuities are not finite its derivative will exist and 
be continuous except for a finite number of points, and will be given by 


26 
(26) u(x) =P (x) (2) 


Hence any solution of the integral equation (25) will be a solution of the differ- 
ential equation (26). It remains to be seen under what conditions the solution 
of the differential equation will be a solution of the integral equation. 


Let us write the equations 
(25’) u(x) 


In the same way we rewrite (26) as 


| 
| 
On” (E) 
(25”) + é. 
26 t(x)= 
u(x) 
(26”) u(x)=P(x)+ f(a)’ 
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The general solution of (26’) is 


if. i 
and of (26”) 

where @ is arbitrarily chosen in the neighborhood of a. 

In (27’), since 


lime 


we can choose a’ = a without loss of generality. So that instead of (27') we 
may write 
ds fod 
(28) | “ELE 
To see under what conditions this is a solution of (25’) we first notice that 
the first term of the expression for w(.) in (28) is itself a solution of the equa- 
tion, if = 0. 


In fact, substituting in the second member of (25') we have 


h dé 


If we integrate by parts we obtain 


bh ode 


ag 


— lim ae | —| $ u(#) + $(a); 


for, since | f’(&)| = NV, 
“h dx 


and 


b dt 


lim [ dt = 0. 


r=a 


Hence ¢(«a) = 0 is a necessary and sufficient condition that the first term of 
(28) be a solution of (25’). 


| 
j 


434 G. C. EVANS: VOLTERRA’S INTEGRAL [October 


On the other hand, if C + 0 the expression (28) cannot be a solution of the 
equation. For it is necessary that 


be convergent in the neighborhood of a, and since the integral formed from the 
first part of u(&) is convergent, it is necessary that 


na dé 


Oe” 
J 


be convergent in the neighborhood of «. But this is obviously not the case. 
Hence that (25’) have a solution it is necessary and sufficient that 6(a)=0. 
The solution is then unique, and is given by 


Pi da dé 
(29) | (Ee de. 

In (27”) we cannot take a’ = «@ because in general to do this would make the 
integral divergent. Let us then rewrite (27”) as 


b dé 


and substitute this in the integral equation (25’). We know that the two 
members resulting have identical derivatives; it remains merely to show that 
at a given point they take on the same values to make them identical through- 
out. But to show this is no easier than to substitute directly into the integral 
equation. The result of the substitution is the s same as that obtained by sub- 
stituting the first term of the expression for u(«), since the second term is 
obviously a solution of the homogeneous equation. The second member of (25 ) 
then becomes 


If we integrate this by parts we obtain the expression 


de -b dé 
o(a)—e cad | 
dx Se dé 
+ lime S, € sé) dt 


=u,(x)+ $(a)—limu,(2), 
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where u,() is the first term of u(a), i. e., 


ah dr x dé 


We can show that lim, _, «,(2) = 0 by showing that a quantity » can be deter- 


mined small enough so - when (2 —a)=7n, |u,(.)| becomes less than or 
equal to an arbitrarily given H. We have 


\u,(x)| e Is fe de 
dx as dé bh dr aa’ 
where 2=s. Then 
dx 


where we represent by /’(s) the integral 


dg 


Take s = 7/2.N thus fixing s by the value of H. This fixes also the value of 
NF(s). Take now 7 =s and so small that if x =», 


bdr H 
Ne S's fa 
We then have 
(aSr=a+n); 


which was to be proved. 
We see therefore that a necessary and sufficient condition that (25”) have a 
solution is that 6(a) =. The general solution is then given by 


_ ph ae b dé 
(31) u(x)=—e Se $ dé +4 c|. 


If the function ¢(a) has a zero at a so intense that the expression 


de 
at 


converges when « = a, we have apparently the state of affairs which was treated 
in section 6 of the earlier paper. To show the agreement of the two results we 
notice first that the function f(&) of (25”) is not the same as that of (9), for in 
(25”) the function corresponding to A(x, &) of (9) being equal to 1 is not less 


ag 
dé, 
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than 1, and that in order to reduce our kernel to one that can be treated by 


the method of sections 1-4 we must replace 7( &) in (25”) by 


so that the kernel in (25”) becomes H/f(&). With this change it is seen that 


the only solution with sufficient intensity of vanishing is 


This solution, provided that ¢'(&) vanishes as above, continues to hold if we 
replace f(#) by af(a) and let a change continually from + 1 to — 1, thus 


changing (25”) into (25’). 


12. The Method of Approximation. 


Let us return now to equations with kernels of the form A(#, &)/f(&) still 
assuming g(v) =1. 
By taking the numerical value of A(a@, a) into f(&) we can write the 


kernel as 


1+ &) 
J(&) 


and we are led to the two equations 


T(x, 
(32) = (2) — 


“1+T(2,&) 
(32”) + | u(&)dé, 
according as A(a,a) is <0 or >0 respectively. Here condition 3° of the 
hypothesis becomes 
&) 1 


lim exists, y>0, v>1 


and condition 4° becomes 
lim _, = 9. 
In (32’) let us write 


where 


| | 
= (0) — a 
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and consequently 
u — = —— | dé, 
or 
2) 
(7) — — 
) ) £) \S S 
where 


In the same way we may write 


u.(&) 
u,(#) = $,(#) — | dé, 


, 
( ) | f(€) u 


va 


where 


j= §) ( 


By continuing the process indefinitely, we have 


(ar) = (2) + 
(33) 


and (29) gives us 
~b dé 


We have also 
, C(x, x) r 


It is quite easy to find restrictions on the absolute values of ¢' (a) and 


| 
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u(x).™ If 
| (x ) = N,, ( r—a 


it follows that 
-b dx dé 


If we integrate by parts and remember that f(a) = 0, we have 


Since 


the last expression in the brackets is less than 


fr E )dé = f( x). 


Hence 


(36) S=2N (a —a)inf(x). 


Since a constant A may be chosen so that 


2)|SA(e—ay), €)|S4, a=z=R, 


we have from (35) and (36) 


m—1 


= 4Nn__, A ( r—a 


provided that we take 7? so that R-—a=1. 
Now .V, where | ¢'(a)| = and therefore 
=2Nf(2), 
N, =4NA, i, =», | 


N, = (4A i,= 2v, | 2, | =2Nf(x) 


N= (4A)"N, i, = mr, a) 
*In the cases where we can take v—0O, we define a constant [ so that ifa=xc=R, 
x)|2T. We then have (x)| = etc. By taking R small enough, the 
series in powers of I’ is shown to be convergent. 


dé “bh dé 
“Je jié 
e 
(nis Ale.ay — + A| 
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18. A Solution of Equation (32’). 
Let us now form the series 
(37) U(x) =u,(x) + u,(%) + + 


This series is absolutely and uniformly convergent through a region a=xr=R 
=a+1, where is so small that 44(R—a)* <1. In fact 


1 


and U(x) vanishes at least to the order of vanishing of /(2). 
The continuous function U(x), defined by (37), is a solution of the integral 
equation (32’). For, write 


U(x) = + u(x) + (2) + UO (2) 
and substitute in the expression 


1 + F(z, 
L(x) = u(x) + fA 


the result is 


(2, 
L(x) (2) —$(2) + 


u 
+ u, (x) + ty ( )d& + 


u(&) 


1+T 
L(2) = UO(2)— + 


or 


+u,(x) — wall Day 


| 
L (2) = — + ya. 


Trans. Am. Math. Soc. 30 
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Now 


and 


m=n--1 m=n+l1 


1 


Also 
=(A+1 

_2N(R—a)(A+1){4A(R 
ey 


From these inequalities it follows that 


where B=f(x). But the right hand member may be made as small as we 
please, since 44 (2 — a)’ <1, by taking large enough. Hence L(x) =0, 
and U/(2) is a solution of the given integral equation (32’). 

In order to extend this solution beyond the point # we may write the 
equation as 


| (2, 1 


(2, 
u(2) = + f 


This is an equation with a continuous kernel, and since 


or 


is also continuous, there is one and only one solution of the equation continuous 
except for a finite number of discontinuities, and finite, for 2R=x2=b. This 
solution on account of its uniqueness must be independent of the choice of the 


point PR, 


1 
a<B<at ax<R<a+l. 
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We have arrived then by this approximation method at a single continuous 


solution of the integral equation (32’), which vanishes as x approaches a at 


least as strongly as f(a). 


14. A Solution of Equation (32") 
For the solution of (32”) we define 
U(x) =u,(7) +u,(v) + u,(@) + 
where 


ay 


From (31) we have as a particular solution 
b dé 
We have also 
(39) ¢ (x)= + u,_,(&) dé, 


if the various integrals are convergent. We can in this case also quite easily 
get restrictions on the absolute values of (a) and wu, 


If 
¢,, (w.) = N(R 
rb dx dt 
\u,,(2)| = N,(R—a)= Si ag 
= -a)' u(x) 
where 


rb dz Ap dé 


Zz 


Let us assume for the present, and show later, that v’ and C can be found so that 


| <1 we can take = 0. We may 


R’ to be determined later. When |/’(a) 
write, assuming this and taking 2 = 2’, 


=CN 


m 


and from (39) 
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where v—v'>0. We shall take 7? near enough to a so that (72? —a) <1. 
Hence 


1 
a)” (1 + 


= DCN,_,(R a)” 


m— 


where 


We have then 
Nn, DCN,-15 bn + bn (y Vv). 


But since V, = NV, i, = 9, we have 
Ing? | = ON (2 — a)" f(a), 
| = = DON f(x), 
The series 
(40) = + +u, (2) 


can now be treated. For if 


1 1 


the series for (2 — a)’ U(x) is absolutely and uniformly convergent, and repre- 
sents a continuous function of x, a=x2=R. And 


C 


7 |= N(2—a)"f 
|U(x)| N(: a) —DO(R — 


U(x) is shown to be a solution of the equation in the same way as for equa- 
tions of the other type. The inequalities are but slightly different. We have 


| (2, 
L (2) = — $(2) — 


a 


= boule) 


dé, 


| 

1 
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where 
|= 
f DC —ay-" 
and 


(2, &) Ung)! 
=(A +1) ) 
so that 


N(x — a)" f(x) 


N(A+1)C(x—a)-” | 


The right hand member of this inequality can be made as small as we please for 
any value x, of x,a=x2= R, by taking n large enough. Hence L(x) = 0, 
and U(«x) is a solution of (32”). 


15. The Function ii(x). 


Let us now return and justify the inequalities stated for the function 


da oR mb dé 
z 


in section 14. This function is a solution of the equation 


j We have assumed that f(a) is positive for a << «= F and that 


iy dx 

a x ) 

is not convergent. We shall show that |#(2)!= Cf(x) when |f’(a)| <1. 
Consider first the value of * 


1 
‘ 
J(@) 


* The method used here is essentially the same as that used in evaluating lima /f(z)/g(z) 
when limz=a f(x) =, 2. See Osaoop: Calculus, p. 236. 


. 
| 
| 
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This remains finite as # approaches a. We have, in fact, 


1 1 1 
f(a)” f(a’) de\ f(X) 


= a a 
<b? de de * 
Se fx Se JS, 
é 


—e€ dx: 
or 
1 (*X) 


Choose x = #2’ close enough to the point @ so that 
| f'(2)|<H, 


where // is a constant such that There is then a point 7, <2’ 
such that if =~, the bracket may be written where |A(x)|=y, 
n arbitrarily assigned <1— H. We have then 


1 1 
fix Jx 
e 
and 
1 1 
f(X) 
dz fbhd 
J rf xj 


Hence for every point « = x, there must be a point Y, x, < XY = &’, for which 


e X f(x 
is greater; otherwise we should get a sequence of points X,, X,, --- having a 
limit point z=,. This point, however, determines in the same way a point 
X, for which Y >. So there is no limiting point in this sense. 


But for all points beyond x, the given function 


1 
F(@) 
dx 


é 


fir) 


1911] EQUATION OF THE SECOND KIND 445 


is less than or equal to a certain constant J. Hence 


; 


and 


Consider now the function 


dz dé 
ui(x)= 


and perform an integration by parts. Then 


~b di b dé 


dt 
4+ Rye Jase) 4 | dl. 


We have assumed 2? = R’, whence | f’(&)| < H 
Defining 


dx 
J'=If( Rye! 19, 
we have 
+ 
and since 7 <1, 


and this defines the constant C. 

We now consider %(x) when f(a)=c,|c|=1. The constant c must be 
positive ; otherwise f(a) would be negative in the neighborhood of a. We 
have 


a), a=x=a+n, 
where 6 is small, so chosen that c — 6> 0 and neither ec — 6 nor c + 8 is equal 


to1. Hence 
1 1 1 


(c+8)(a—a)= =(e—8)(@—a)’ 
and 


b dx dx n 


| 
< ST ( x) (a = = R’). 
="; 
R — 
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If we now perform the indicated integrations, we have 


1 


If we write 


the right hand member becomes 


ita 
n—a n—a 


where >0,c +1,c+6"41. Hence 


(R —a)-¢-*" 4 (2 — 
tata 


where we may take 8 and 6” as small as we please. And so if c=c’=1 we 
may take v’ > 0 as near zero as we please; if c>1, c’ <1 we may take > 1 
as near 1 —c’ as we please. Hence for the general case c=1, we take 


1 1 
where ¢ is as small as we please. And thus we prove the inequalities of § 14. 


16. The One Parameter Family of Solutions of Equation (382”). 


The question now is presented to us, since we have obtained a particular 
solution of (82”) by one choice of #, whether it is not possible to get other 
solutions by means of different values of ---, &,, and whether 
there is any sort of dependence among the solutions thus resulting. The answer 
is that all the solutions corresponding to values of 7 satisfying the conditions 
laid down for it belong to a linear system 


= U(x) + CW, (x). 


The difference of any two solutions of the non-homogeneous equation (25”) or the 
non-homogeneous equation (32”) is a solution of the corresponding homogeneous 
equation. Now the complete solution of the homogeneous equation correspond- 


to (25”), 


= 
w(x) = J. FE) 1é, 


4 
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is 


w(x)me*= 


If we let W(x) =w,(x)+ W(x), where w,(x)= w(x) and substitute in 


"1+T(z,&) 
41 W(2)= W lé, 
(41) (€)dé 
which is the homogeneous equation corresponding to (32), the equation to 
determine W''(a) will be 


€) 


aft 


W(2)= W'?(€) dé, 


or 


‘147 (2, ™ 


where the function 
*T'(z, &) 
(2) Hey 


vanishes when « = a, and wW'(2) remains finite as x = a. Hence we get a 
solution for this equation, keeping the same value for /?2 that was used in 
getting U(x) in §14, by forming a function U,(x) based on W(x) in the 
same way that the U() of §14 was based on d(x). U,(2x) will contain C 
as a factor to the first degree. Hence 


W(x) = w,(#) + U, (x) 


will be a solution of the homogeneous equation (41), and will contain C as a 
factor to the first degree. JV(2) is not identically zero since it takes on the 
value C when x= 2. We may write W(x) as CW,(x) where W,() takes 
on the value 1 when x = 2; and we have thus a system of solutions of the non- 
homogeneous equation (82”) given by 


V(x)=U(x)+CW, (2). 
Now we may write the general solution of (25”), as we have seen, in the form 


b dx 


ge 


ob dx bad 


Six) , Som 
v(x) =e dé + Ce 


Suppose we form a series V(«) in the same way we formed the series U(2) of 
$17, except that we use the expressions 


b dx ob dz 


b dx R ag 


= 
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instead of the terms u(x). If we let w, be the general term in the expansion 
of W,(a) we may write the sum of the first m terms of V(a) as 


m m m—1 


2 
{=1 i i 


i=1 i=l i=1 
We have already shown the existence of the limits 


m 


lim u(x), lim | w,(2)|. 
i=l 


m=n i=l m=n 


We now investigate 


m m—i+l 
(a) lim { w, (a) 


i=1 i=1 
The expression (a) may be rewritten in the form 


m 


lim >> > C, 


m=n i=l 


Consider now ¢,-+¢,+--- and w,+w,+---. Since w, + w, + --+ is abso- 
lutely convergent the product of these two series will be the series whose general 
term is 


p 
2% 
i=l 
i. e., the expression (a), provided that the series of c’s is convergent.* We see 
then that if the series of c’s is convergent, the series of v’s is convergent, V 
represents a function belonging to the linear system already discovered, and is 
hence a solution of the integral equation (32”). 
On the other hand if the series of v’s is convergent for one value of x, 
x= h =, V is again of the specified linear system. For we may write 
v,,(«) in the form 


so that 
and the series 


is convergent. The series for V(a) is therefore convergent for c=x=R,, 


* Encyklopidie der Mathematischen Wissenschaften, vol. I, page 96. 


| 
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and the function V(a) may be written in the form 

U(x) Ww x). 
Since, however, all solutions of the form 

U(x) + CW,(x) 


are convergent at » + J?’ they all belong to this family. In fact W,(2) isa 
constant times W(x), both being solutions of the homogeneous equation, since 
by the above treatment, putting ¢(2) = 0, the family C'W,(2) is contained in 
the family CW wv); and U(a) is therefore given by U(x) + C,W,(2), 
where C, is some constant. So the two families are identical. We have thus 
shown that all solutions obtained by taking different values of /2 in the develop- 


ment of § 14 are members of this family. 


17. Extension of the One Parameter Family beyond R. 


We have still to see how we can extend our solutions beyond the farthest 
point #2. We may write (32”) as 


21+ 14+ 


+f 


where 


| 


R 
=s(2)+f ae. 

This equation, when the value of C is specified, gives rise to a single solution 
u(x), since in the region 2 =x2=b the kernel and the function y,(2) are 
continuous. Moreover this solution has at # the value y.(/) or C and 
hence joins on continuously to the particular solution that was assumed from 
ato f. 

In particular the solutions U(x#) and U(a) + W,(a) can be so extended, 
and there will be a one-parameter family of solutions (2 )+CW,(«), arising 
from the fact that W,(2) is a solution of the homogeneous equation. But this 
family is identical with that obtained by extending each solution separately, since 
there is only one solution that takes on the value C when x= 2. Thus the 
solutions are extended uniquely and continuously to the point d. 


| 
4 
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18. The Theorem of section 10. A more General Theorem. 
The theorem of § 10 is now easily made complete. For given the equation 
(20) tf 


satisfying the conditions of that theorem, we succeed, by making the substitution 


WCE) aE 


w(x) 
w(x) =u(x)g(x), u(2)= 
 u(2) 
in transforming the given equation into the equation 
K(x, 
42) w = g(x) +f w(&)dé, 


so that if w(a) is a solution of the first, (a) is a solution of the second, and 
vice versa. But this latter equation is of the type of section 12, for which we have 
solutions continuous in the neighborhood of @ and vanishing at @ as strongly as 


J («)g(a) if K(a, a) <9, or f(x) g(x)/(w—a)” if K(a,a)>90. Hence 


the solution of the given equation for A’(a, a) <9 is continuous at a@ and in 
its neighborhood, and for A (a, a) > 0 the solutions of the given equation con- 
stitute a one-parameter family, continuous in the neighborhood of a except at a 
and, as we approach a, remaining less in absolute value than f()/(a— a)” 
(since v>v'). It is possible, if A( a, a)>0, to have solutions that become 
infinite at a. 

It is worth noting that by the same sort of substitution, 


q(x) 


w(x ) = 


we can treat the slightly more general equation 


In fact we have the following theorem : 
THeoreM. In the equation 


u(x)=o(#%)+ 


E)u(£)de, 


(a) K(«, &) is continuous in T, and f(x), g(«),f,(%), g,(%) and the 
first derivative of the function f(x) g(a)/f,(«)g,(«) are continu- 


ous int; 


i 
if 
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(6) OK (x, &)/0x and CK &)/0€ satisfy condition (A) and are finite 
in T; 
(c) &(@) is continuous in t except at x =a, and is such that the func- 
tion d(x)-g(x)/g,(«) and its first derivatives satisfy condition 
(B) int; 
2°. the function f(x)g(w«) is greater than zero in t except for the value 
x =a, and for the value x =a vanishes in such a way that 


) 


is not convergent ; 
3°. A(a,a)+0; 
2 g(x 
then under the foregoing conditions, 
(i) if K(a, a) <9 there exists one solution of the equation continuous 
throughout t except perhaps at a, and this solution as x approaches 
a remains less in absolute value than some constant times 
(2); and 
(ii) if K(a, a) <9 there exists a one parameter family of solutions con- 
tinuous throughout t except perhaps at a, and each solution as x approaches a 
remains less in absolute value than some constant times f(x)/[f,(#)(#—a)"], 
where v is any number that satisfies the conditions 


dx z=a 


19. Extension of Solutions Beyond a Second Discontinuity of the Kernel. 


The question arises as to whether the solutions can be extended beyond a 
second vanishing point of f(x) or g(x). In general they cannot, as the fol- 
lowing example shows. The equation 


has the single solution 
a (a—€) 


which becomes infinite as x approaches 2a. 
Still, there are large classes of solutions that can be extended. A condition 
is that the solution itself vanish at the point where /(«) or g(x) vanishes. 


3 
4 

} 
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20. Discontinuity at the End of the Interval. 


We have confined ourselves to integral equations (1) where a=x=b. 
When, instead, we have a = x = b, so that the discontinuity in the kernel is at 
the end of the interval, if we make the substitutions 


(0<2/=a—b), 


wre 
| 
wer 
wr 
ll 
| 
ure 


the equation 
Ki x, £) 


u(x) = + 


is reduced to 


u(a— & )d®, 


o 


or 
ap 
(#) 
Hence an equation where A(a,a)>0 is changed into an equation of type 


(32’), and one where A(a, a) < 0 into one of type (32”). 


21. A Different Point of View. 


An instructive point of view as regards the nature of the solutions of (32”) 
developed in section 16, is obtained in the following way. If we had written 
(32”) in the form 


I(r, 


thus introducing the parameter \,* and sought for a solution as a power series 
in A, 


V(x) =v,(@) + Av, (x) + Av, 


the conditions determining v, («) would be precisely those that we have already 
found, and would yield 


( ) Un (x ) + Ch 
Hence all solutions analytic in \ belong to the linear family 
U(x) + CW, (2). 


* This is analogous to the point of view of M. T. LALEsco in regard to equations of the first 
kind. T. LALEsco: Sur l’équation de Volterra, Journal de Mathematiques, ser. 6, vol. 4 
(1908), p. 125. See Transactions of the American Mathematical Society, vol. 11 
(1910), p. 395. 


| 
dé = — dé, 


1911) EQUATION OF THE SECOND KIND 453 


The same investigation applied to the equation (32’) shows that there is one 
and only one solution of the equation that is analytic in . 


22. A Restrictive Theorem upon a Class of Solutions. 


We can go, however, somewhat farther in limiting the number of solutions of 
equations (32’) and (32”). The solutions so far developed satisfy the condition 


f(x) 


| V (a )| = const 


We can show that any solution which is continuous in the neighborhood of the 
origin, except possibly at the origin, and which satisfies this condition, is among 
the solutions already found. We have the following theorem : 

THEOREM. Given the hypotheses of § 10, 1°-4°, the solutions there spec- 
ified are the only ones continuous in the neighborhood of the origin, except 
possibly at the origin, such that in the neighborhood of the origin each solu- 
tion satisfies the condition 
ju(e)|= const : 


or, more generally, if 


= Kaa) 
u(E)dE, 
such that 


(a) B(x) approaches zero as x approaches a; 
(6) ®'(x) remains finite as x approaches a. 
There are no such solutions if 1°-3° of section 10 hold, but not 4°. 


By the transformation 
(x) w(x) 
= 
g(x) 


the given equation is reduced to the equation (42) 


(42) w(x) = + J 


and the condition becomes lim ®(2)=0, and ®’(x) remains finite, as x 
approaches a, where 


If we assume the first part of the theorem of this section, the second part 


follows immediately. For since 


w(x) + P(x) + 


a “F(a, 


| 
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w(x) must satisfy an equation of the type of (25’) or (25”). But we have seen 
that it is necessary, in order that there be a solution of those equations, that the 
term not involving the dependent variable have zero as a limit as x approaches 
a. Hence 

lim [¢(x)g(x) + == 0. 


But 
lim = 0, 


=a 


so that 
lim =9, 
which was to be proved. | 


If in (42) we put $(2) for $(x) g(x), f(&) for f(E)g(&), and u(x) for 


w(x), we have the equation of $12, which is then reducible to (82’) or (32”). 
The condition then becomes 
lim ® (x) = 0, | | (a >a), 


where 


= 


Let us investigate this theorem in regard to equation (32”). Replacing 


1+T (2, &) by X(a, &) we write (32" ) as 


K 
(43) u(x) = d(x) + u(&)dé. 
The equation (25”) then becomes 
K(x —T 


and we can obtain a solution of it by a method of approximation from (43). 
For, let (a) be any chosen solution of (43) that satisfies the conditions of 
the theorem, and let us try to find a solution of (44) in the form 
=O} + (x) + + 


where 


and 


(46) 


= $(). 


q 
— 
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Then ©°(2) = — (2), as defined in the hypothesis, so that ®!(a)= 0, and 
d®' (x)/dx remains finite. For U' take the solution developed in section 14, 
on ®!(2) asa basis. That analysis gives us 

(x) 


— 


so that 
DC( 
| 0’ — 
1— DC(R-a)-"” 
since 
In the same way 
DC(R-ay-” CNF (x) 
and 


<= 


and the series for «, is uniformly convergent for a =x =a’, since taking 7? near 
enough to @ we can make p as small as we please. 

The function uw, thus developed is shown in the same way as in § 14 to bea 
solution of the equation (44), which is, of course, equation (25"). Let us now 
pursue a method of approximation from (44) back again to (43), defining each 


solution of (44) by a method of approximation from solutions of (43). We define 


u, (&) dé, 


€) 


m=v 


and in general 


(x)= 


v/a 


= +f eae, 


* Or CNf(x)/(1— DCT) when v = 0. 
Trans. Am. Math, Soc. 31 


If we denote this parenthesis by p we have 
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The series for wu, (a) is a solution of the equation 


as may be proved by a method similar to that used in section 14. 
We have in fact, 


and the limit of this as 7 becomes infinite gives us, the last term disappearing 
on account of the inequalities (a), (8), 


or 
(2) =— (x) 
We see then that if we define 


U'(x) =- 


it will be a solution of the equation 


ox K 


and will satisfy the inequality 


Now if we determine U' (a), m > 0, as the function U of section 14 based on 


(x), we have 


and 


And if in general we put 


U*(x)= — U(x), 
m=l1 


$, (x) = — 
|| 
L N p 
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U(x) will be a solution of its proper equation 


“(r)= r ) dé 

) ( J + | E ) l ( ( E ) lé, 
and 

<= N ( \| < V ( 

and 


formulas that are verified by mathematical induction. 
Let us now consider the function 
We have 


+ + U3 (xv) + 


+ + Ui (x) 
and this reduces to 
— 
But by (7) 


N p 


whence if we take 7 so small that p < }, i. e., p/(1—p) <1, we shall have 


lim = 0. 
Hence 
V(x) = U8 (2x). 
But since 


) 


is convergent for « = 2, V(x) must be one of the linear family 
V(x) 


Hence any solution that satisfies the conditions of the present theorem is a 
member of that one-parameter family. 

This same analysis applies to equation (32’). In the case of (32), since each 
u(x) is uniquely determined, there is only one possible solution. 


* See section 16. 


| 

n=0 
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23. A Restrictive Theorem upon the Totality of Solutions. 


So far we have considered only finite solutions, or at most solutions that 
become infinite at « = a to an order not greater than the first. It is possible, 
however, to limit the totality of solutions as to character. 

THeoremM. Let the kernel of (1) be in the form 


K(x, &)f,(€)* 
where 
1°. (a2) A(x, &) is continuous in T,¢ and f(x), g(x) and f(x) are 
continuous int; 
(b) OK (a, &)/0& = K,(x, &) satisfies A, and is finite in T; 
(c) @(x) is continuous in t except perhaps at a, and is such that the 
Junction $(x)g(x) is continuous at a. 
2°. The function f(x)g(a) vanishes at most a finite number of times in t. 
3°. On any horizontal line & = &, cutting T there is at least one point in 
T for which K(x, &)+9.t 
Then all the solutions of (1) continuous in t except for a finite number 
of points are such that the function u(x) g(x) remains continuous in t, except 
possibly atw=b.§ 
This conclusion is equivalent to the statement that there can be no solutions, 
continuous in ¢ except possibly for a finite number of points, of the equation 


(ee) = + BYE) wl 


and not continuous in all points of ¢ except possibly x=. In fact equations 
of the first form may be reduced to those of the second by change of indepen- 
dent variable (see section 18). 

For the proof of this theorem we need the following lemma, which is stated in 
slightly more general form than necessary : 

Let h(x) be a function of x continuous for A <x = B except for a finite 


number of finite discontinuities, such that 


B 
h(x) dx 


* This redundant form of expression for the kernel is used on account of condition 3°. 

+ If we replace the triangle 7 by the square S: a=f=b, a=x=6 this theorem holds for 
the equation with constant limits, K(2z, &)«a(&)dé. 

{ An example that does not satisfy the condition 3° is given by BOcHER, Introduction to the 
Study of Integral Equations, p. 17. The equation is u(z) = f* f*-€u(¢)d&, which has as solu- 
tions kxr*—!, which are non-integrable. 

§ This exception was not noted in a preliminary paper, Bulletin of the American 
Mathematical Society, 16, (1909), p. 130. 


converges. 
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Let r(x) be a function such that r(x) and r(x) are continuous for 
A=x= B except for a finite n umber of finite discontinuities. 
Then 


converges. 


The statement is easily verified by integration by parts. If B’> A is any 
point before the second discontinuity of r(a), 


B 
| r(x + r( B) | 
A e/ B’ we 


h ( x) dx 
1 
| h(s)dsdr, 


whence if in the region A =a = B we define P, P’ and Q by the relations 


= | h(s)ds , 
~A 


7B 
h(x ) dx, 
e/ 


we shall have 


B 
r(a)h(e)de =PQ+ P'Q|B—Al. 

To apply this lemma to the conditions of the theorem it is convenient to extend 
our integrations outside the oblique boundary of 7’. For this purpose let us 


define 
 &>2, 


by which means a continuous extension across the boundary line = z is pro- 
vided. Beyond this boundary we shall have A,(#, &)= 0. 
Let us suppose that x = a is the first point where w(2) is not continuous. 


On the line &=a in T there is a point in the neighborhood of which 


K(x2,a)+90. Let x=~2, bea point for which A(x, a) + 0 and for which 


is convergent. Then also 
f(&) 
K (2, u(£&)dé 


is convergent, a= R=2,. Let us fix # less than a,, any second supposed 
discontinuity of u(a), and near enough to a so that A(x, €)+0,a=E&=R, 


and f(€)+0,a<€SR. 


P= 
r ( 
) 
( 
) 
Q | 


460 G. C. EVANS: VOLTERRA’S INTEGRAL [October 


In the integral 


| K (a, &) 


take the integrand as the function 1(&) of the lemma. As r(a) choose the 


function 


K(x, &) 


which for a fixed value of x is a continuous function of &. The value of 7’(&) 
is 

K(a#,&) 

r(é)= [a 


and accordingly remains finite. Consequently the conditions of the lemma are 
satisfied. Since 


we have the convergence of the integral 
K(x, &)f,(&) 
J. J(&) 


which carries with it the convergence of the integral 


(2) =f KE 


u(E)dé (a=r=R), 


«(&)dé 


Since the numbers P, 7”, Q of the lemma can be defined as independent of x, 
it follows that 

lim | K(x, u ( E)dé = 0, 

raada 

and therefore, since ¢() is continuous at x = a, u(x) is also. 

In the same way the integral 
fi 


may be treated, where x is in the neighborhood of a, (a, + 4), the next suc- 
ceeding possible discontinuity of uw. The integrals 


are continuous functions of « at *=a,. And therefore, since ¢(2) is contin- 
uous, w(2) must be continuous at » = a, also. 


f(é) 
= K(x, — 
i 
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24. Continuity of Certain Functions Represented by Definite Integrals. 


Tn particular the ahove method of proof establishes the continuity through- 


out t except at b of any integral of the form 


where G(x, &) is continuous in T. CG of satisfies (A) and is finite in T, 


and u( w) is a solution of the equation 

and therefore where u( x) is a solution of the equation 

S(E)g(*) 


+ A(x, u(E\dé, 


under the conditions imposed in section 23. Also if G(x, &) and CG /CE merely 


satisfy (A) and are finite in T, the integral is continuous in t except at a finite 


number of points, and remains finite except possibly atr=b. 


25. Application to Analytic Kernels. 


If we let g(x) = Lf w) = 1 the equation (1) becomes 


(E) &)u( &)dé. 


We know that there is one and only one continuous solution of this equation. 
The theorem of section 23 tells us that this is the only solution continuous 


except for a finite number of points. 


Under this special case is included the integral equation with analytic kernel 
for any function of the two variables analytic in 7 can be written in the form 


&) 


where A(x, &) satisfies the conditions of section 23. If ¢$(.) is also analytic 


the unique solution is the known analytic solution.* 


26. Equations for which section 9 gives the Complete Solution. 
Let us make the hypothesis : 
The kernel of (1) shall be in the form 


K(x, &) 
T(E)g (ey 


* If the kernel of the integral equation with constant coefficients is analytic in S and if o(» 
is continuous in ¢, the continuous soiutions are the only solutions continuous except for a finite 


number of points. 


) 


f(&) 

ay 

| 

4 
y 
| 7 
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where 
1°. (a) K(x, &) is continuous in T, and f(x)g(x) and first derivatives 
are continuous in t; 
(b) OK (a, &)/Ox and 0K (x, &)/0& satisfy A, and are finite in T; 
(c) (x) is continuous in t except perhaps at a, and is such that the 
function $(i)g(x) and its first derivative satisfy (B) ; 
2°. the function f(x)g(x) is greater than zero in the neighborhood of a, 
and vanishes at a in such a way that 


dx 
I( v)g(x) 
is not convergent ; 
3°. K(a,a)+0; 
4°, lim 
Under these conditions the requirements of the theorems of sections 9 or 10 
and 23 are satisfied in the neighborhood of the origin. There are some cases 


where the solutions specified in section 9 are the only possible solutions of the 


equation continuous except for a finite number of points. To investigate this let 
us impose the further condition that 


( 


shall satisfy A and be finite in T.* It is easy to show that if in addition 
(i) K (a, &) is constant when § = x or (ii) it is known that the derivative of 
u(x)g(x) remains finite as x approaches a, then all solutions continuous in t 
except for a finite number of points belong to the system of section 9. 

We have the equations (see section 22), 


= (E) dE, 


®' (x) = (x) +f 7) d—& (+a), 


where 


K, (x, &) = 0K (a, &) /ex. 
K(x,«2)— K(a,a)=09, 


In (Z) 
and since the integrals 


* K(x, &)— K(a,a) 


a 


* This condition was left out in the preliminary paper mentioned before. 


CK 

- 
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are both convergent and remain finite at « = « (see section 24), ®( 2) and (x) 
both have the limit 0 as x approaches a. Hence the conditions of the theorem 
of section 22 are satisfied. 

In (ii) we have 


A 
u(x) g(x) + | 

d d K(x, x) “ K(x, &) 

d. d K (z, &) K (x, 2°) 

dn gy } -| u(E\dE = Fay 

where 
CA ¢) 


The first member of this last equation remains finite as # approaches a; hence 
the second member must remain finite. And since A(2, &) is continuous and 


K(a, a) + 0, the function u(x)/f(2) and therefore 


remains finite as « approaches a. Hence by section 24 


lim ®(2)=0, 
r=a 
and ’(2) remains finite as x approaches a. So the conditions of the theorem 
of section 22 are satisfied. 
The solutions specified in section 9 are therefore the only solutions con- 
tinuous except for a finite number of points. 


27. Equations Whose Kernels are Analytic Functions of x, & Divided by a 
Power of &. Treatment by Power Series. 


Let us now consider in the neighborhood of the origin equations where the 
kernel is in the form of an analytic function, 


K (2, £)= a,x 
i=0 
divided by an integral power of &, &*. This kernel is no less general than that 
in which the denominator is of the form x” &“, since the second case can be 
reduced to the first by a change of dependent variable. We shall suppose $( ) 
also to be analytic at « = 0. 


3 
. 
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Let us seek analytic solutions of this equation, 


“K(x, 
7/0 
in the neighborhood of the origin. Substitute 


u(x) = d(x) = 9,2", 


Sa, (n>220). 
E 
The equation then becomes 


Let us formally determine the coefficients b,. Our operations will be justified 


by a proof of the convergence of the resulting series for u(a). 
We have 


We may assume that A(x, &) contains no factor &. Hence in order that the 
integral be convergent it is necessary that u(«) contain a” as a factor. Under 
these conditions we get 


i=0 7 pPr—p—it+l 
and 
(48”) b =g + 
Or, writing 
r—rA=™M, r=A+m, 
we have 
> a; p-t 
= + D . 
mtaA—m+ m+a— 
p=a 


To determine b,, we have the equation 


a 


i=0 


— p-1 


p=art 1=0 


LZ LZ 
i=0 
i=0 A p=a 
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or, on writing s=m+2A—p, 


—“m +-rA—p—i+l 
(49) 


m 


> 


m+rA—p—i+l 


Since = 0 for m < g,, must be zero for i= 2. 

We have seen that if \= 0, i. e., A( 0,0) + 0 the solutions are developable 
into a series of functions which have essential singularities at the origin. And 
so in general we may expect the above series for u( 2) to have no cirele of con- 
vergence ; this in fact can be shown by particular cases, the coefficients b being 
comparable to m! in magnitude. In the special case when » — A = 1 however, 


the convergence of the series may be shown. The equation to determine 


becomes 

or 


A 


1 
m+a-i 
) 


y m—t 
Let us take m = m. great enough so that 
0d 
A A 
a 1 
m,— rt 
Then we shall have 
m+A—8 a | 
i=U 
and therefore 
m+A—8 
sm i=0 
Let us define 
A 
c= a 


Then c, is the sum of the absolute values of the terms of the sth diagonal in 
the rectangular array of A(#, &), and 


is a power series with a radius of convergence p+ 0. With this definition we 


8 
i=v 

CR 
8 

s=0 


466 G. C. EVANS: VOLTERRA’S INTEGRAL [October 


can write our last inequality as 


<2 | +2 >| (m>m), 
or, since = b, = --- = 6b, ,=90, 
m—1 
+ 22 b |c,_, (m> ) 


Let us define 


b, =b),,> |5,| (j 


assuming for the present that the coefficients in the series for b, up to the mth 
term have been defined. They are, of course, defined uniquely beyond that. 
Then |b,|<6'. In fact |b,| <b), |b,| <b), <0), and if 


m' 0} 


|b, |, +++, |5,,_,| are respectively bi, «++, then |b | <b’ , as we see 


vi? m— m 


from the explic it formulas. 
Accordingly we have merely to show the convergence of the power series 


> 


m=v0 


But we shall show, and the convergence of the given series follows from this 
fact, that if 

and (Y¥m>0, tm >0), 


m=0 m=0 


are convergent throughout the circle of radius p > 0, there is a circle of radius 


p > 0 within which the series 


B,, Vn + 


For if R <pand R <1, then 
_M 
~ Re 


where J/ is some constant, and there exists a constant WV such that 


whence 
] M N m—1 


pa + pa 


s=0 


m—1 
219m | + 4. s? 
0 
| 
— 
B a” 
m=v 
is convergent, a series whose coefficients are defined by the relation 
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Now if we define 


M Bt. 
(51) B = pat p B 


we shall have 8, <8’. But by (51) 


Therefore if p’ < 2/(1+V), the power series defined by (51) is convergent 


for |x| =p’, and the series 


Bx” 
m* 


is convergent throughout the same circle. 
It remaius to see under what conditions the terms b,, i < m,, in (50) will not 


be defined. This will be when for some value of m 


i,A 


i-9 M@— t 


Otherwise, namely in the general case, there is one and only one analytic solution. 


Since uw — A = 1, it is necessary that 
There cannot be more than A + 1 integral values of m for which 


a 


— 


Let these & values be m,, ---,m,. Then there is a one-parameter family of 
solutions of the homogeneous equation if we take ),.),, ---, b,,_,=0 and 
choose b,, arbitrarily. In general these are all the analytic solutions of the 
homogeneous equation. For suppose b, (1 <m,) is the first coefficient not zero; 
let Bn, be the next coefficient for which 
1-2 


i=0 
Then substituting in the equations (50) 7, = 0, we see that the condition 


m— 


1 8 


l 


must be satisfied. If this condition is satisfied for one value of 5, it is satisfied 
for all, and if it is not satisfied for any chosen value it is satisfied for none, since 
the succeeding coefficients up to b,,, are uniquely determined from 6, and linearly 
dependent on it. Kernels can be chosen so that this condition shall be satisfied 


| 
# 
> 
A 
{ 
? 
| 
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and equally well so that the condition shall fail to be satisfied. Of course if 
> m, there can be no analytic solution of the homogeneous equation, other 
than wu = 0, since --- 6. _,= 9. 

If there is a particular analytic solution of the non-homogeneous equation, the 
general analytic solution will be the sum of this particular solution and the solu- 
tions developed above for the homogeneous equation. A necessary and sufficient 
condition that there should be a particular solution is that b’s can be found 
satisfying (50). The equations (50) include among them the equations 


Im +> 5, 4 = 0 (j=1,2,---,k), 


= j 
which can be regarded as equations restricting certain coefficients in the devel- 
opment of ¢(a). It is sufficient for a particular solution if, in addition to the 
general restriction g,, 9, = 9, also 9,5 5 Ym, =9- 
Then b,, b,, may all be chosen zero, and a particular 


solution thereby uniquely determined. 


28. Case where w»—rXA>~1; Asymptotic Developments. 


As we have already noticed, the series are in general divergent when 
#—2A>1. In the cases that fall under the treatment of the present paper, 
that is, in all cases where A = 0, these divergent series still have meaning. 

To interpret these divergent series let us put 


u(x) = +u,(2), 


where the 6’s have the meaning already assigned to them, and where wu, (2) is to 
be determined. Substituting in the equation 


nx 
(48) u(x)= + | gs dé, 
we get 


i=) 


or, to determine u (2), 


(52) u,(@) = $, (2) + dE, 


where 


But from (48’) and (48”) we know, putting ’ = 0, that the function 


n—p+l n iD 
i=0 


p=0 im? i + 1 


a ; 
i,p-t | 


‘ 
‘ i 
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is identically zero. But the function 


i=n—p+2 r=n+1 


i 


a 


vanishes to the order n—w+2. Hence ¢ (x) vanishes to the order 
n— w+ 2, and since we have a simple power series, $' (a) vanishes to the 
order n— +1. Now by the development of sections 11-15, we know that 
there are solutions of (52). In that development we may take y= 1; and any 


solution, since |’ (#)| = will satisfy a condition 


= Not = = CN (since 


Now 
l 
Hence 
and 
u_,(#)| = const 2". 

Hence 


u(a)— >> b.x' = const 
This is the meaning of the power series development. It is asymptotic.* 


29. Equations of the First Kind. 


The treatment of integral equations of the first kind 


(53) O= d(x) + [ K(x», 


with analytic kernels, is analogous to that of section 28. There is no gain in 
generality in having a denominator &" in the kernel, because such a denominator 
may be removed by the transformation u(&) = &"v(&). 

Equation (53) can be reduced to an equation of the form of (48) where, with 
some exceptions, ~—A=1. Or from (48) we get at once the equations for 
the determination of the coefficients of the analytic expansion of the solution by 
putting « = 0, and omitting the 1 in the parenthesis of the left hand member. 
The equations then are 


A-i = a; m+A—s+i 


=0 


* BOREL, Legons sur les séries divergentes, page 35. 


£ 

| 

| 

| 
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Consider now the equation 


A 
(55) > ( 

which cannot have more than \ integral roots. If the left hand member does 
not vanish for any integral value of m, and if its product by m does not vanish 
as m becomes infinite, the power series defined by (54) is convergent, as may 
be easily shown, and a necessary and sufficient condition that it be a solution of 
the equation (53) is that 

Jor iv 9 


If there are integral values of m that satisfy (55) the considerations that 
enter are those that we have treated on pages 467-8. The condition that 


A 
lim 7 0 
is equivalent to the condition 
A 


30. A Problem in Hydrostatics. 


Let us now return to the example from hydrostatics given in the earlier paper. 


The equation to be solved is 
v(z)= - : v(é dé 
( ) g(x) ) 
where g(2) vanishes at least to the firsts order when 2 =0. For convenience 
let us consider ¢ (2) as an analytic function, and let us suppose a, — 7/(0) + 0, 
where 
G &)=4, + + 
By the transformation 
w(x)=g(x)v(x), 
the above equation is reduced to 
w(x -{ w(&)dé. 
VA ( ) 


Since we are considering only continuous solutions v(«), i. e., only tubes lying 
on curves which do not become horizontal at the bottom, we must have 
w(x)/g(x) continuous. Hence both w(x) and w'(x) are continuous, and the 


* See first paper, page 395-396 ; ai, ,-i = Ai in the condition of T. LALEsco. 
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only possible solutions will be given by those of the theorem of section 9. Hence 
if in the neighborhood of «=0, g(x) has the opposite sign from 2,—g(0) there 
will be no solutions; and if g(2) has the same sign as a,—y (0) there will be 
an infinite number of solutions. 

A problem leading to an equation somewhat similar to this is the question of 
filling the tube with a second liquid, whose density at a point h(£) is a function 
of its height from the bottom, so that the tube shall have the same weight filled 
with the second liquid as it has filled with the first, to the same height. The 
equation then is 


| v(a — &)ds, 


A 
or 


| h(€)w(&)dé= v(x — (E)dE, 
which yields by differentiation 


or 


| 


If being given (a) we try to find the curve, the equation is 


rex 


O= | {v(w—£)—A(E) o( 


where v(&) = wu'(&); whence, differentiating, we find 
Ede, 


or 


If « — h(x) is continuous, with continuous first derivative, there are no solu- 
tions of this equation continuous except at a finite number of points, except 
those for which v(#)[a«—h(a)] remains finite. If h(a) +a, v(x) =0 is 
the only solution possible. We assume that a, + 0. 

The equation belongs to the special class where the numerator of the kernel is 
the sum of a constant and a function which vanishes identically when & = x. 
Hence the only possible solutions are those given in section 9. 

If in the neighborhood of x = 0, a—h(x) has the opposite sign from a, 


there will be no solutions except v(#) = 0. Hence, if the density of the first 
Trans. Am. Math. Soc, 32 


if 

4] 

4 

= 
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liquid increases as we descend from the surface, the density of the second must 
decrease as we go up from the bottom. 
If a — h(a) has the same sign as a, there will be an infinite number of solu- 
tions such that 
remains finite as # approaches 0 ($9). In fact, any solution is less in absolute 
value than const. /(a# — a)”, where 
1 
[4 (a )| 
($14). And if |A’(a)| <1 all the solutions are finite, i. e., the curves start 
up from the bottom with a positive slope. If A(a2) is an analytic function, the 
power series development given in section 28 will have all its coefficients zero, 
since a, + 0. 
Of course, if v(x) vanishes when «=a, the solution will represent an 
imaginary curve ; for with real curves |ds| = | dx], i. e., 


ds 
dx 


V 
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ONE-PARAMETER FAMILIES AND NETS OF PLANE CURVES* 


E. J. WILCZYNSKI 


Introduction. 


In most treatments of the theory of one-parameter families of plane curves 
attention is concentrated altogether upon the discussion of the envelope. More 
recently, some authors, especially LILIeNTHAL+ and ScHEFFERS,{ have con- 
sidered some other problems associated with such families of curves, but all of 
these are of a metric nature. In the present paper, the point of view is that of 
projective differential geometry and the analytic treatment is based upon the 
invariant theory of a certain completely integrable system of partial differential 
equations of the second order. Incidentally a simple new geometrical interpre- 
tation is found for the well-known Laplacian transformation of a linear partial 
differential equation of the second order, which enables one to make use of the 
results of that theory for the purpose of studying nets of plane curves. The 
osculating conics of the curves of the net are also determined and their proper- 
ties investigated for the first time. 


$1. The differential equations of the problem. Integrability conditions. 


Let the homogeneous coordinates " of a point P, of the plane be given as 
analytic functions of two independent variables ; 


(1) y = v) (41,39, 8). 


Clearly the equations w = const. and v = const. will, in general, give rise to 
two one-parameter families of plane curves, such that, if we consider merely the 
portions of these curves in a certain domain, one and only one curve of each 
family will pass through every point of the domain. We shall speak of these 
two families together as a net, so that equations (1) define a net. This net will 
degenerate if and only if the ratios 7/'"): y’: /*’ can be expressed as functions of 
a single independent variable, i. e., if and only if there exist three non-vanishing 

* Presented to the Society (Chicago) December 29, 1910. 

¢ LILIENTHAL, Grundlage einer Kriimmungslehre der Kurvenscharen, Leipzig, 1896; Vorlesungen 
iiber Differentialgeometrie, Leipzig, 1908. 


tScuerrers, Kgl. Séichsische Gesellschaft der Wissenschaften, Berichte, vol. 57 (1905) ; 


Mathematische Annalen, vol. 60 (1905). 
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functions a, 8, y of u and v such that 
(2) + By? + vy? = 0 (k=1, 2, 3). 


Consequently, the net defined by equations (1) is degenerate if and only if 


the determinant 
(3) D= Y¥, 


vanishes identically. 

In particular, in order that the net may not degenerate, y'’, y, y’® must be 
linearly independent. 

Let us assume that equations (1) define a non-degenerate net. Then D does 
not vanish, and we can always find a system of partial differential equations of 
the form 

= ay, + by, + Cys 
(4) = + BY, + CY, 

satisfied by the three functions 7", y”. 

It is easy to show that, conversely, a system of form (4) with analytic coeffi- 
cients has just three linearly independent analytic solutions y'”, 7”, y, for which 
the determinant D does not vanish identically, provided that the integrability 


conditions 


Ov Ou Ou Ou 
are satisfied identically, i. e., without the addition of one or more equations of 
the form (2) to system (4). The identical validity of these integrability condi- 
tions implies the following six equations : 
ba” 
ab’ + bb” +e4+b 
ac 


(5) 


a’ + Ba" + a 
ab+e+4+b =a'b+b', 
Now every non-degenerate net of plane curves determines a unique system of 


form (4), for which the conditions (5) must of course be satisfied. On the other 
hand every system of form (4), for which the integrability conditions (5) are 


1) 2) 3 
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satisfied, has three linearly independent solutions y', y*, y°, for which the 
determinant D does not vanish identically, and the most general solutions of 
such a system will be 


Consequently, if we interpret 7", °°, y'® as the homogeneous coordinates of a 
point in a plane, any fundamental system of solutions of (4) defines a non-degen- 
erate net of plane curves, and the net defined by the most general fundamental 
system of solutions of (4) will be a projective transformation of this. 

We see, therefore, that all projective differential properties of a net must be 
expressible in terms of the coefficients and variables of the system of partial 
differential equations (4). 

It is possible to simplify the integrability conditions (5) somewhat. From 
the first and fifth of these we easily deduce 

=a +0", 
so that we may write 
(6) a+l=f., 


as a consequence of which (5) may be written as follows : 


= — bf, —¢ + 2b" + 
(7) =— ef. 2h’ + ae — be’, 
a—da =af +af — — 2a" 


§ 2. The seminvariants and the canonical form of the system. 


The analytic representation of a net by a system of equations such as (1) is 
not unique. The coefficients of system (4) therefore do not depend merely upon 
the geometric properties of the net, but also upon the particular form of analytic 
representation adopted. In the first place, since are homogeneous 
coordinates, only those functions can have a geometrical significance which 
depend only upon the ratios of these quantities. Now, a transformation of the 
form 

=A(u, v)y" (&=1, 9, 8) 
leaves these ratios unaltered whatever value the arbitrary function A(u, v) 
may have. Consequently it will be necessary to find those combinations of the 
coefficients of (4) and of their derivatives, which are left unchanged by any 
transformation of the form 


(8) 


q 
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We shall call them seminvariants. The corresponding invariant functions which 
depend also upon y, y,, ¥,, shall be called semicovariants. 
We proceed to carry out the transformation (8). We find immediately 


Y, =A, + rT; Y,= AY, 


Fun AY + 2A, + 


(9) uu 
Yus + + AY, + 

If these values be substituted in system (4), and the new coefficients be 


denoted by @, 6, ete., we shall find : 


= r r Xr 


According to (6) we have 
a+b’=f. 
If we write similarly roe 
a+b =f, + b” 
we shall find 


JI,=f,-3 


We may, therefore, transform (4) into another system of the same form for 


which 


(11) a+b =0, a+b’ =0, 

if we choose X(u, v) in the transformation (8) subject to the conditions 
r 


Let us actually make this particular transformation, and let us denote the coef- 
fivients of the resulting system by capital letters. We shall have 


"=a", B’ — OC" =c"+ 4. Lb — Lf? 


A+B=0, A’'+ B’=0. 


An integrable system of form (4) can always be transformed into another 


1911] AND NETS OF PLANE CURVES 477 


one whose uniquely determined coefficients are given by equations (13), and 
satisfy the characteristic relations 
A+ B=0, A’+ B’=0. 
The most general transformation which effects this reduction is 
y = const. 
We shall say that, as a result of this transformation, the system has been reduced 
to its canonical form. 

The coefficients A, B, C, --+ of a system in its canonical form are semin- 
variants of system (4). This follows at once from the uniqueness of the canoni- 
cal form, and may also be verified for each of the quantities A, B, C, --- by 
direct calculation. Now let f(a, b, ---; a,, b,, ---) be any seminvariant 
depending not merely upon the coefficients of (4) but also upon their derivatives 
to any order. Since a seminvariant does not change its value if a, b,c, --- 
in its expression be replaced by @, 5, @, ---, the coefficients of any system 
obtained from (4) by a transformation of the form y = Ay, we shall have in 
particular 


(4, bye, ---)=f(A, B, C, ---3A, 


i. e., it is a function of A, B, C, --- and of their derivatives. Conversely, it 
is evident that any function of A, B, C, --- and of their derivatives is a 
seminvariant. 

Consequently, every seminvariant of system (4) is a function of the seven 
fundamental ones, B, C, A’, B’, C’, A”, C”, and of the various derivatives 
of these quantities. And every function of these variables is a seminvariant. 

Since, by means of the equations (4), any function of y, y,, y,, and the 
higher derivatives of y may be reduced to one of y, y, and y, alone, we may 
confine our search for semi-covariants to those depending upon these three vari- 
ables only. Of course y itself is a relative semi-covariant. It is easy to verify 
that 

omy,—ay 
are also semi-covariants. Any relative semi-covariant may be expressed as a 
homogeneous function of these three and of seminvariants.* 


* It is easy to show that an absolute semi-covariant must be a homogeneous function of degree 
zero of y, y. and y». Any such function C may be written as a function of the two ratios p/y, 
o/y and of the coefficients of (4) ; 


po 
C= ( b, 


But, as in the argument for seminvariants, this reduces to 
p o 
c=s(8, y’ A,B, C, 


whence follows easily the theorem as stated. 
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The integrability conditions of system (4) must, of course, be left invariant 
by the transformation y = AZ; i. e., they must be capable of expression in 
terms of seminvariants. We obtain them by writing the conditions that the 
system in its canonical form must be integrable. This gives the integrability 


conditions of (4) in the form: 
B.=—C+2B" + 
(14) C—C +A C— BC", 


C’ =—-—2A4'C’ + BC" 


$3. The invariants. 


We have not yet found an adequate analytic equivalent for the geometric 
properties of the net. To be sure, the seminvariants depend merely upon the 
ratios of y'”, y, y®, and not upon their absolute values; but they also depend 
upon the parametric representation which has been adopted for the net. Clearly 
the net remains unchanged by any transformation of the form 


(15) i=U(u), t= V(»), 


where U and V are arbitrary functions of the single variables indicated, while 
any more general transformation of these variables would change the net. We 
must therefore find those combinations of the seminvariants and semi-covariants 
which remain unaltered as a result of a transformation of form (15). We shall 
eall them invariants and covariants respectively. These functions are intrin-~ 
sically connected with the projective differential properties of the net. Strictly 
speaking we ought to adjoin the further transformation 


i=v v= U, 


which merely interchanges the two one-parameter families of the net, but we 
shall prefer to think of these two families separately, so that formally we are 
constructing a theory of the two component one-parameter families rather than a 
theory of the net itself. From our invariants it is very easy to construct those 
invariants which may in all strictness be called invariants of the net. They are, 
of course, symmetric combinations of the invariants considered here. 

Let us transform system (4) by equations (15). We find 


Oy Oy Oy 


Ou Cu Ov 
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Ou" 
(16) = 
cucv Cuce 
Py OF. 
Ov* Cv" 


where the accents indicate differentiation in the customary way. If we substi- 
tute these values into system (4) and denote the coefficients of the new system 


by @, L, ete., we shall find: 


a ( y” 
where 
(18) = C= 


so that 7 is a function of uw, and € of v only. We find further 


f : (f f +7 ) 
« uu (L y uu 2. u 


1 
where the notations ete., are abbreviations for & f/ ete. 

If now we make use of the expressions (13) of the fundamental seminvariants, 
and denote by A, B, ete., the corresponding seminvariants of the transformed 


system of differential equations, we shall find 


Vv’ 1 
B (ory? C cur + 


19 
(19) 1. 
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A= +3), B= + }n), 


Cc” = pie — n- 1B — 


1 
(V'y 


We see that the seminvariants B and A” are at the same time (relative) 
invariants, and it is easy to verify the invariance of all of the following 


(C” — 5A" n — 4B’ + 


quantities : 


B= B, C— B + 4B, 
1 A”’ 1B 
= A”, C’ = OC” — A, — 2A" + 
In fact we have 
’ 
1 1 


Whenever a relative invariant 0” satisfies the equation 
we shall say that its weights with respect to uw and v are m and n respectively. 
These weights may be characterized by the symbol (m,n). Thus % is of 
weight (— 2,1), ete. We proceed to show how we may deduce from 6” by 
differentiation two new invariants, which we shall denote by (@”, B’) and 
A’). 

We find from (23) 


u 


where, of course, and denote 00") and respectively. 


Since we have from (20) 


(24) 


A’ = yr (A’ +35), (B+ 3), 
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we shall find that the expressions 
(25) B)=O0""—3mBO"”, (O™™, A’) = —3n 


are two new invariants of weights (m—1,n) and (m,n—1) respectively. 
It is also very easy to verify that if @ is an invariant (relative or absolute), 
© log 0/CuCe is also an invariant, of weight (—1, —1). 

Clearly we may obtain from (22), by the repeated application of the two 
processes defined by equations (25), an infinite number of invariants. We wish 
to show that all invariants of the net will be functions of those obtained in this 
manner. 

In the first place we recall the fact that every invariant is a function of 
seminvariants, i. e., of B, C, etc., and of the derivatives of these quantities. 
But (21) shows that B, C, --- may be expressed as functions of B, ©, XW, BW, 
GC’, XU”, ©’, and of their derivatives. Consequently every invariant J must be 
a function of the seven fundamental invariants and of their derivatives, i. e., 


Bi 


u 


Let us introduce infinitesimal transformations by putting 

U=u+ o(u)dt, 
where 6¢ is an infinitesimal. Then 


(26) U’=1+4+¢%, V=1+ n=" dt, f= de 
and 


dB = (— 2¢'4+ 
(27) de, by’ 
dy” = — 9" St, = — bt. 
In general, for an invariant 0”, of weight (m, ), we shall find 
= + ny’) bt, 
(28) = [{(m —1) + Om” + 
= [{ mp + (m—1) Om” + lot. 


The latter formule enable us to calculate 53,, 58,, ete. The results may be 
tabulated as follows: 


ofl 

| 
2 


+¥) C8, 


Sin teeta ie is bse 
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Let J be an invariant (absolute) which depends only upon the seven funda-— 
mental invariants and their first derivatives. Then 6/ must vanish for arbitrary 
values of ¢', v', 6’, %”. We thus obtain a system of four partial differential 
equations for 7, involving 21 independent variables. The matrix of the coeffi- 
cients of these four differential equations is obtained by adding the seven 
columns corresponding to the infinitesimal transformations of B, ©, ---, C” to 
the table just caleulated. The form of the matrix makes it evident at once that 
the four equations are independent. Moreover, according to Lie’s theory they 
must form a complete system. Therefore, there must exist 21 — 4 = 17 inde- 
pendent absolute invariants of the kind in question. Five of these may be 
chosen as independent of the derivatives. In fact we have 


1 


so that 

Be” B™ WB? grr? Bs” |B? 
are five independent absolute invariants. From the fundamental seven relative 
invariants we can form fourteen others of the form (@”"”, B’) and (@"", A’), 
but, of course, only twelve of these can be independent. In fact the following 
two, 
(3, B), 

reduce to 68B' and 62" respectively, while the other twelve are independent 
of each other and of the fundamental seven. 

We have proved that all invariants involving only the first derivatives of B, 
©, ete., may be obtained from the fundamental seven by the processes (25). 
Let us speak of these invariants as being of the first order. Now let 7 be an 
invariant of the second order. The system of differential equations satisfied by 
such invariants contains two more equations than the corresponding system for 
invariants of the first order. The matrix of the coefficients of 0 7/CB8, 0 7/ON" , 
OT/EB,,, may be represented by means of the 
matrices 


—28, +’ 0, 
M= N= 
+ B, — 2” + 0 
in the form 
0, 0, 


where 0 denotes a square matrix of the second order with vanishing elements, 


and where the values of the coefficients of the second order matrices P, YQ, R 
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are immaterial. The determinant of this matrix is 


M|\ | 
where 
and therefore, in general, different from zero. The two new equations of the 
system are therefore independent. The same proof applies to the two new 
equations obtained when we pass to the invariants of the third order, ete. 

The system of differential equations for the invariants of the second order 
contains 21 more independent variables and 2 more independent equations than 
that for invariants of the first order. There must exist, therefore, 19 independ- 
ent invariants of the second order. The application of our two processes to the 
twelve independent invariants of the first order gives 24 invariants of the second 
order. We proceed to show that just nineteen of these are independent, so that 
our process actually furnishes them all. 

We have 

where 
[(C, A’), B) =B%,, —3AB, — 3458 + 6B (8, A), 
B), A) — 8 BM — 3B +6A' B). 


If we remember that 


1X” 18 
A’ = 6 9”? B 3 6 


we see that these invariants contain the second derivatives of the fundamental 
invariants only in the combinations 


1 % 


? 9 


. s ~ D 
9 uv 


at” and 
respectively, and are, therefore, independent. The other two invariants of the 
second order which can be formed from 2" and 3, viz., 


[(B, A’), A’] and B), BY 


contain the further variables BY", and BW’, respectively, so that these four 


are certainly independent. 

Each of the remaining five pairs of invariants of the first order gives rise to 
only three instead of four independent invariants of the second order. We have, 
for example, 

(C, B)=6,+6BC, (6, A) 
so that [(€, B’), B’] and [(C€, A’), A’] are obviously independent. But 
[(€, BD’), 4] =C,, + 6B'C, + 


4), BJ] 


uv 


+6BC,, 


uv 
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so that their difference involves, of second order derivatives, only 8, which by 
our previous consideration, is capable of expression in terms of [(B, A ), B’], 
[ (2, B’), A’] and invariants of lower order. Our process actually supplies 
us, therefore, with 2-2 + 5-3 = 19 independent invariants of the second order. 

It is clear that there must exist Tn + 5 independent invariants of the mth 
order (not counting those of order lower than x). Let us assume that n of 
these, those obtained from 8 by our differentiation processes, are of the form 
the terms not written being of order lower than x. Then none of these x 
invariants involves 0"B/Ou" or O"YA" /Ou". Let n other invariants be of the 
form 

oO" 


Cu Cv" + 233 Cu" ’ ’ 


so that none of these involves the variables 0” /Cv" or 0" B/ov". Let the 
invariants formed from ©, x + 1 in number, be 

~ 
= (k=6, 1,2, -- , @), 
where the omitted terms may involve, of quantities of the nth order, only the 
derivatives of 9” and 8. Let there be x + 1 invariants of this same character 
for each of the remaining fundamental invariants Y’, B’, © and ©’. All of 
these conditions are actually satisfied for n = 2. 
Let us consider the invariants of order n + 1, 


(Grex, Bb), k=0, 2, My (6... 4), 


and the corresponding ones formed from %’, B’, ©’, ©’. They will be 
2(n+1)+5(n+2)=Tn +12 in number; they will obviously be inde- 
pendent and will have all of the properties which were assumed for the invari- 
ants of order n. Since there exists a system of invariants of the second order 
with these properties, there exists a system of invariants of the nth order with the 
same properties, as our induction proof clearly shows. Since, moreover, our 
process gives us precisely the right number of independent invariants of order 


n +1, we have proved the following theorem. 

Every invariant of the system of® partial differential equations (4) is a 
function of the fundamental seven, and of those others which can be obtained 
Srom them by repeated application of the two differentiation processes (25). 

The system of equations (14), the integrability conditions for (4), must of 
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course be an invariant system of equations. We find, more specifically, that 
each one of them is invariant by itself. It must therefore be possible to rewrite 
these conditions in such a form as to exhibit their invariant character. In order 
to do this in a convenient form we shall introduce the two further invariants 


which, of course, may be expressed in terms of our fundamental invariants, but 
which merit a special notation on account of their great importance, and because 
their expression in terms of the fundamental invariants is rather complicated. 
We shall first show how these latter expressions may be obtained. Since 


1 log X” 


(30) 
B), Bi A’), 
we have 

(31) B)+ 


log 


6 Cucv 


1c loge 8 
K — (8, A’) +5 
6 Cucr 
so that it remains to find the expressions for 0° log "/CuCv and C* log B/Cudv. 
Now we have 


From these equations we find 
~ 4 = 12 %, 4 233’ %, 4 x’, 
In the same way we may prove the formula 


(38) = yr BY), A] A}, 


- 
Cucv Cucv 
and these two equations suffice to solve our problem. 

The integrability conditions may now be written as follows: 


6+ (%, 4’)=0, 
(34) (6. A’)—(K, + B6"=0, 
(C’, B)—(H, A’) =0, 


and in this form their invariant character is obvious. 

We have already observed that the seminvariants are capable of being 
expressed in terms of the fundamental invariants and of their derivatives. But 
if the seminvariants are known as functions of w and v the corresponding net of 
plane curves is determined except for a projective transformation. We see, 
therefore, that the following theorem is true. 

Tf the seven fundamental invariants of a net are given as functions of u and 
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v so as to satisfy the five conditions (34), the net is determined except for a 


projective transformation. 


§4. The covariants of the net and its Laplacian Transformations. 


Let 

=f (u,v) (k=1, 2, 3) 
be the equations of the net of plane curves under consideration. For given 
values of uw and v, 7", ¥”, y® are the codrdinates of a point y* through which 
pass the two curves uw = const. and v = const. of our net. The tangent ¢ to the 
curve v = const. will be obtained by joining y to the point y, whose codrdinates 
are 


Cu 


and the codrdinates of any point of this tangent (distinct from y) may be ex- 
pressed in the form 
(35) + ay (k=1, 2,3). 


t Now let y move along a curve w = const., and in each of its positions construct 
the line ¢ tangent to that one of the curves v = const. which passes through it. 
These lines ¢ will have an envelope, which we now proceed to determine. The 
expressions (35) are the coordinates of an arbitrary point Q of t. As y moves 
along the curve w = const., v alone changes, so that the tangent of the curve 
described by Q will be obtained by joining Q to the point 2? whose coordinates 
are 


~ 


oO 


(YP + ay) =) + ay + ay” 


Ov 

= ay + + +(e (k=1,2,3). 

Now if Q is the point where ¢ meets its envelope, ¢ must be tangent to the 

envelope at Q, i. e., the line QQ must coincide with ¢. This will be so if and 

only if « = — 0’, assuming of course that the curves uv = const. and v = const. 
are not tangent to each other at the point y. 

We see, therefore, that the tangents to the curves v = const. constructed at 

the points where these curves meet a fixed curve u = const. have as their 


envelope the locus of the point a whose coordinates are 
(k) k) kk 
pr (&==1, 8, 8). 
Similarly, the tangents to the curves u = const. along a fi.ced curve v = const., 
have as their envelope the locus of the point P, whose codrdinates are given by 


k) 


(k=1, 2,3). 


* This is, of course, the same point which has previously been denoted by Py. 


| 
2 | 


1911] AND NETS OF PLANE CURVES 487 


It follows from these considerations, and may easily be verified analytically 
that the semi-covariants 
(36) p=y,—by, 
are also covariants of system (4). The same thing is, of course, true of y itself. 

All other relative covariants are homogeneous functions of these three and 
of invariants. For in the first place we need consider only covariants which 
involve, necessarily in homogeneous fashion, y, y, and y, and no derivatives of 
y of a higher order. In fact, if a covariant did involve higher derivatives we 
could express them in terms of these three by means of equations (4) and those 
derived from them by differentiation. If we were to set up the system of partial 
differential equations satisfied by the absolute covariants, we should find the 
same system as that considered before for the absolute invariants with the addi- 
tional terms arising from the presence of the two new variables, viz., the two 
ratios of the quantities y, y, and y,. This system will therefore have two more 
independent solutions than that for the invariants, and these two may be chosen 
to be p/y and o/y since they are clearly independent. All absolute covariants, 
then, are functions of p/y, o/y and of absolute invariants, whence follows at 
once the theorem as stated. 

The covariants p and o, as we have seen, establish a correspondence between 
the point P, and two other points P, and P,. As wu and v vary, each of these 
two points P, and P,, in general, describes a new net of plane curves which 
shall be called Laplacian transforms of the net determined by P,. More speci- 
fically we shall call the net determined by P,, the first, and that determined by 
P, the minus first Laplacian transform of the original net, for the reason that 
the first Laplacian transform of the net determined by /, is the original net. We 
proceed to set up the partial differential equations of the net determined by P,. 

We may assume that the system (4) has been reduced to its canonical form 


Yun. = — By, + By, + Cy, 
(37) = Ay, + By, + 
Y,, =A’ + C’y. 
We shall find from (36), by differentiation and making use of (37), 
(88) A” y,—24'y, + (C” — A’)y, 
and further 
Ou, = Al + A'B)y, + (B+ + + BO')y, 
¢,, =A’ BC" )y, 
o,,= (AY + (C” + A" B —24'B’ )y, 
+(C” A” C’—2A'C" )y. 


(39) 


Trans. Am. Math. Soc. 33 


| 
| 
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Now from (36) and (38) we find 


y,=Ayte, 

(40) 
¢,=My+ Ba, o,=(C" —A’'—2A’)y+ 
whence 

A” Hy = A’c, — A” Bo, 
(41) A”Hy,=—(C"— A’—2A”)o,+ Ho,+ 

A” Hy, = A’A"c,+ A" (H—A'B')c. 
We shall therefore obtain for ¢ a system of partial differential equations of the 


form 


(42) 
whose coefficients may be expressed as follows : 
A” Ha, = A’ H+ A°H,— A°HB’, A” Hb, = H’, 
A" He, = — A” B'H, + 2A'H*? + H( A" — BA” + 2A’B"), 
A” Ha, = A"( A'‘H+ H,), A’ Hb, = A’ BH, 
A” Hc, = — A" BH,+ A°H( ATP), 
A’ Ha’ = A” K + —C'A", A” Hb! =( A” — A’A")H, 
A” Hc) = A” H6— + A” K)4+2H(A' A” 
The system (42) is not in its canonical form. In order to reduce it to the 


canonical form, we put 


where 2 is subject to the conditions 


so that 
A= const. VA". 
We shall omit the details of the calculation. A system of form (87) is 
transformed into another system likewise in its canonical form by the trans- 


formation 

y,—-Ay 
44 y,=— 
( ) V/A’ H 


Its coefficients, the seminvariants of the first Laplacian transformed net, are as 


— | 

| 
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follows: 


Av H\ 1H(A" 


2ATH, 174", Ha 
wr 


EN SS IT, H A” A’ 
9\ A A 3\ A HT A Hl ) 


; + 7) 


where we have assumed A” and // different from zero. The cases thus excluded 
are necessarily so, since the corresponding net is degenerate. In fact, if 
A” = 0, we see from (37) that 


so that the three solutions y” will satisfy a homogeneous relation of the first 
degree with coefficients independent of v; i. e., the curves u = const. of the 
original net are straight lines. The locus of P, in that case obviously degen- 
erates into a curve, the envelope of these straight lines. This is also apparent 
from (40), for if A” = 0, on account of (14), C’” — A’ — 2A” will also vanish, 
so that we shall find 
o,=—2A'c. 

The curves w = const. of the transformed net degenerate into the points of the 
envelope, the curves v = const. of the transformed net all coincide with this 
same envelope. 


If H= 0, equations (40) show that 


| 
| Cy = KA") 2( pe 
o,= Boe; 
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i. e., the envelope of the tangents to the curves w= const. along a curve 
v = const. degenerates into a point. In this case the curves v = const. of the 
transformed net degenerate into points, and the curves u = const. all coincide 
with the locus of these points. 

We can now verify the following theorem. Jf A” = 0 or B=0, one of the 


families of the original net is composed of straight lines and the first or minus 


jirst Laplacian transformed net degenerates. The only other cases in which 
one of these transformed nets degenerates are obtained by equating either H 
or K to zero. 

In fact, the first Laplacian transformed net will degenerate if and only if the 
locus of P, for all possible values of w and v reduces to a curve, i. e., if o 
satisfies an equation of the form 

ao o o=0 
or if 
a(Hy+ Bo)+A8[(C" 2A”)y +A” 
Now the points y, y, and o are not collinear if the curves ~ = const. and 
v = const. are not tangent to each other at the point P. Consequently we 


should have 
aH + B(C” — A’'—2A”)=0, BA’ =0, ab’ —2BA’+y=0. 


If H is not zero, we should therefore find necessarily A” = 0, since 
a= 8 = y= 0 is not an admissible solution. 
The seven fundamental invariants of the first Laplacian transformed net have 


the following values : 


iT 1 
Bay (A+ 84H), 
2H, 1X 1 14° 
A+ 3 3 69" dv’ B= B H’ 


| 


We find further 
log £ 
(46a) ait. 


K, = 


We now proceed to set down the corresponding equations for the minus first 
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Laplacian transformed net. We shall find 


P,,, = 4_,p,+ 5p, + 


(47) Py, =4_,P, + + 
P.p = + + 
where 
BKa_,=(B,—BP)k, BKb_, = BO, BH, 


BKe_, = — A( BC, — BS + BH) + 2K( BB, — BB + BB’) 


1 


(48) 

BKe_, =—ABK,+ + BK(A,— AB’), 

BKa" ,= K*, BHO! = BK,— ABH, 

BKe", =—ABK,+2BK? + AB, + 2A”B). 
In order to reduce (47) to its canonical form we put 

49 =, 
( ) 1 V\BK 
The coefficients of the resulting system, the seminvariants of (47), are: 
B, K 1 
A_, B -3(+ K (BC.-B&+B IT), 


A’ B 
C_,=€ RR (PE BIT) + (2 ) 


(Bu, Ku Be Ki) _1(B, KY 
B= B+ 
(50) 


K, By K\(B, 
= (+A,-B,-A +44 (s+ K)+ 


1/B, K, BB, K.K\ 1/B, K\(B. K. 


B’ Bt K 
9 se u — v 
On, = 4, + 2A" x) 14 


5/B, K\? 2B,K. 1/B. K. 


— 
= 
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The seven fundamental invariants of the minus first Laplacian transformed 


net have the following values : 


1 
RK (BC, — B,C + 
£) 
13 14 18 sz. 1 0% 
(61) 2% 6X’ 3B 6Y_, ou’ 


1/8, K. KEK 


K we 1 
A", = = 3B4), 
and furthermore 
o 
(52) K, 


It is easy to show that these two Laplacian transformations may be regarded 
as inverse to each other, a fact which has been made use of in our notation. In 
general, we shall therefore obtain an infinity of nets of plane curves by the repe- 
tition of one or the other of these transformations. It may happen however that 
a certain one of these nets degenerates, as is the case for instance if either // or 
K vanishes. In all such cases the general integral of the equation 


C2 
(52) +B +C"y 
Cucv Cu Cv 


van be obtained by quadratures, and we are in possession of a very elegant ana- 
lytical theory of this differential equation from this point of view, a theory 
originated by Laplace and further developed by Darboux. To Darboux is due 
also a geometrical interpretation of this theory which puts it into relation on the 
one hand with the theory of conjugate nets of curves on curved surfaces, and on 
the other with the theory of congruences of straight lines. But these geometric 
theories as developed by Darboux are not projective theories, since a simple 
equation of form (53) does not suffice to characterize a surface projectively. A 
purely projective theory may be obtained by adding a second partial differential 
equation of the second order to (53), and this is essentially what has been 
done by the present author in his general projective theory of surfaces and 


congruences. * 


*E. J. WILCZYNSKI. Projective Differential Geometry of Curved Surfaces. Five memoirs. 
These Transactions, 1907-1909. Compare also Sur la théorie générale des congruences, soon to 
be published by the Royal Belgian Academy. 
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In the present paper we have found a different geometric interpretation for 
Darboux’s theory, which seems to have escaped notice until now, and moreover 
since we are considering, not a single linear partial differential equation of the 
second order, but a system of three such equations, our theory is a purely pro- 
jective one. Every one of Darboux’s analytical theorems furnishes a prelimi- 
nary basis for a series of deeper investigations concerning such systems of par- 
tial differential equations or, geometrically speaking, concerning nets of plane 
curves. Suppose, for instance, that equation (53) is of such a character that its 
general solution may be obtained by quadratures. It will contain a certain 
number of arbitrary functions. The question remains: how to determine these 
arbitrary functions so as to satisfy the remaining two equations of the system, 
and this reduces to a problem in ordinary differential equations. 

As the point y moves along a curve wu = const. or v = const. of the original 
net, the corresponding point y, or o describes a curve vu = const. or v = const. 
of the first Laplacian transformed net. Now the lines yy, are the tangents of 
the curves w= const. Let us speak of those curves of the transformed nets 
which are described by y, when y moves along one of the curves uv = const., or 
by y, when y moves along one of the curves v = const. as direct, and the other 
curves of their respective nets 2s indirect transforms of the curves of the original 
net. The lines which join the points of a curve of the original net to the cor- 
responding points of its direct Laplacian transform will then be tangents of the 
former curve. The lines which join the points of a curve of the original net to 
the corresponding point of its indirect Laplacian transform are tangent to the 
latter. 

This terminology is convenient in enabling us to state the following simple 
theorem. Jf a net of plane curves is obtained from another by a Laplacian 
transformation, its two families of curves are respectively the direet transforms 
of one and the indirect transforms of the other of the two families of the orig- 
inal net. That family of the transformed net, which corresponds indirectly to 
a family of the original net, can never be composed of straight lines. 

In fact, if the curves v = const. in the first Laplacian transformed net are 
straight lines, B, and therefore, according to (45), /7 must vanish identically. 
But if 7 = 0, the transformed net is degenerate. 

In a net obtained by Laplacian transformation from another net, those curves 
which correspond directly to curves of the original net may be straight lines. 
They will be straight lines in the first transformed net if and only if 


(54a) WH + — =0, 
and for the minus first, if and only if 


(546) WH + BC, — CB, = 0. 
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§5. Determination of those nets whose Laplacian transforms are merely 
projections of the original net. 


By means of the Laplace transformation two nets are brought into what we 
may call a point-to-point correspondence, those being corresponding points 
which, in the two nets, correspond to the same pair of values (u,v). Our 
equations are such that both the original and the transformed nets are referred 
to the same independent variables. Consequently if this correspondence is to be 
equivalent to a projective transformation, the corresponding invariants must be 
equal for all values of « and v. Since, moreover, the seminvariants are expres- 
sible in terms of the invariants and their derivatives, the conditions necessary 
and sufficient for projective equivalence of a net and of its first Laplacian trans- 


formed net are 
B,= B, C,=C, A, =A’, B= B’, C=C’, 
A’ =A”, =C”. 
According to (45) we find, therefore, the following conditions for A, B, C, ete.: 


A” H. H 


2 A” 
9R” 9 v u 


2H. 1A’ AY OH 

A’k 1 A’ 

H 


” 


, A 4a , A 
6°: + Ka’) 4”) 


1 A'\(A” H\ HN’? 106 (A’ 
The first and fourth of these conditions give, upon integration, 
A" H=w(v), A” H~ = $(u), 
¢(u) and ¥(wv) being functions of the single arguments indicated.* Con- 
sequently 


Now A” and # are relative invariants, and if we put 
(56) i= U(u), 6=V(v), 


- * Neither of these functions can vanish identically, since A’’ and H must be different from 
zero. Otherwise the transformed net would be degenerate. 


- 
— 
E 
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they are transformed into 


respectively. We may, therefore, reduce them to unity by choosing UV’ and 
V’ so that 


1 
(Vmp(v). 


The most general transformation of the form (56) which leaves the conditions 
A” = H=1 invariant will be conditioned by the equations 


=1, (V’p=1. 
The conditions (55) now reduce considerably. They become 
A” =1, B=1, 
24’ + B+ 2B’ =C, B — A,=0, =1, 
C’ — B+2(— A’ + A”) =C”, 
whence 
A” =1, B=1, A’ = B = ¢,, 
C= $,,+ 26, +293, 
Here A(w) is an arbitrary function of uw, and ¢ is subject to the equation 


= 9, so that 
d= p(u)+v(u)r, 


#(u), v(w) being arbitrary functions of wu. Let us denote du/du, d°u/du* by 
pw’, mw’, ete., then we shall have 


A=-P, B=1, Cap" + Qv4+ + (v" + 
A’= yp, 1 — + — pv, 
A” =1, B’=-A’, 27 — p — vv. 


These quantities must satisfy the integrability conditions (14). Imposing this 
condition we find that we must have 


A= 3, p=k+lu, 
where k, 1, m are arbitrary constants, so that we find finally 
A=-—l, B=1, C=2(? +m), 
(57) A’=m, B=l, C’=1—/m, 
A” =1, B’=-m, C” =2(1 +m’). 


Tf a net is projectively equivalent to its first Laplacian transform, its system 


l 
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of differential equations can be reduced to one with the constant coefficients (57) 
which involve two arbitraries. 
A system of partial differential equations of this form may be integrated as 
follows. The function 
y= es" 

will be a solution of it, if x and 8 can be determined so as to satisfy the three 
conditions 

(58) 


and these, it is easy to show, are consistent. The elimination of 8 leads to the 


following equation for a: 
(59) f(a) + 3lm—1=0. 
Let a,, a,, a, be the three roots of this cubic, and let 


ma, +1—Ilm 


(60) 8, = (k=1, 2,3), 


a,—l 
be the corresponding values of 8. In order that the three solutions of our sys- 
tem of partial differential equations 

(61) = (k=1, 2, 3), 
may be linearly independent it is necessary and sufficient that the three roots «, 
of (59) be distinct, as may be seen by applying the usual test. Let us assume, 
therefore, that the discriminant of (59) or 

(62) A= 1 — 6lm — — m’* ) 

is different from zero. Then the three quantities B,, B,, B,, will also be dis- 
tinct, and the net defined by equations (61) will be non-degenerate. In fact the 
determinant D [cf. eq. (8)] becomes 


1 1 1 
D= & = 2(4,8,—2,8,). 
B, B, B, 


On account of (60) we may write 


Da (29s) + (1 Im)( 2, + — (1 
(4%, —1)(a, — 


(% — %) [ma,a, + (1 Im) 
(4, 
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The denominator of this fraction is equal to 
—f(l)=1. 
Consequently 
D = (a, — + (1 —lm)(4,4, + 1 — 
— —1(1 —Im)( 4, + 4,) + F(1—lm)). 
But, according to (59), 
a+%+4,=0, +4,%4,= —3(P +m), 
a,%,%, = 1— 3lm— 27°. 
Consequently 
D= a,)[ m (1 — 3lm — 27° )—3 
= +m) (1—lm)+7(1—lm )] (a3 a,—a, a3). 
But obviously 
=(4,— 4) = 9, 
so that 
(63) D=A 
and is consequently different from zero. Therefore equations (61) define a 
non-degenerate net of plane curves if the quantities a,, a,, a, are distinct. 
We proceed to discuss the case when two of the roots of (59) are equal, say 
A=0, 
while a, and a, are distinct. We may put again 
but it remains to find a third solution of our system of partial differential equa- 
tions. The second equation of (58) may be put into the form 
(a—/)(8B—m)= 
so that we may write 
a—l=t, 
and consider the cubic 
(65) —3mt—1=0 
instead of (59). If we denote its roots by ¢,, ¢,, ¢, we have in our case ¢, = t,. 


According to well-known principles, the function obtained from 


~ 


[ thu+(m+l1 
Ct 


by substituting ¢ = ¢, after the differentiation, will be a solution of our partial 
differential equations if ¢, is a double root of (65). We thus find 


(66) y® = [(a,—l)u—(B, — m)v 


| 
i 
: 
4 
| 
4 
4 
ia] 
i 
ed] 
; 
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That this function satisfies the differential equations may also be verified 
directly. The linear independence of the three functions 7’ and the non-degen- 
eracy of the net may be verified as befure, or even more simply as follows. We 


find 


3) 
(a,—l)u—(8,—m)v, 
log y= 
whence 
(1) 3 
t,t) log + t,t, (t,— (t t,)’v, 
(67) 
log + (t,— (¢, t, 


as the finite equations of the curves of our net. We see that neither family of 
curves degenerates, since ¢, + ¢,. Moreover, the three functions are linearly 
independent, since no root of (65) can be equal to zero, and consequently the 
curves (67) cannot reduce to straight lines. 

If all three roots of (59) are equal, their common value must be zero, and we 


must have 
P+m=0, 1—3l/m — 2? =0, 


so that either 
=—1l, m=-1 or 1=—o0, or m=-—2a, 


where is a primitive third root of unity. If we write down the three systems 
of differential equations which correspond to these three alternatives, we find 
that they may be transformed into each other by a transforniation of the form 


i= au, v= Br, 
where a and £8 are constants. It suffices therefore to consider the case 
l=m=-—l1, 
which gives rise to the following system of differential equations : 

This system has the following three linearly independent solutions ; 
y?=u—v, y® =1. 
Consequently the equations of the two one-parameter families of the net will be 
(x, + %,)x,— — 2uxi = 0, 


(68) 


(x, ©, ) — 2vx; = 0; 
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i. e., both families are pencils of conics, which may be completely characterized 
as follows. The conics u = const. all have four-pointic (third order) contact 
with 

(69) (x, 2, =0 

at the vertex A(x, = x, = 0) of the triangle of reference. Similarly, the conics 
» = const. have four-pointic contact with the conic 

(70) (x, 2, =0 

at the point A. It remains to characterize the two conies (69) and (70). The 
conic (69) touches the line x, +a, = 0 at the vertex C(«, =x, = 0) of the 
fundamental triangle, while (70) at the same point touches the line x, — x, = 0, 
and these two lines divide harmonically the sides of the triangle AC and BC 
which meet in C’. The third side of the triangle BC(#, = 0) meets the two 
conics in two points which divide it harmonically. We may, therefore, con- 
struct our two families of conics as follows. 

Choose an arbitrary triangle and denote its vertices by A, B, C. Through 
the vertex C draw two lines, 1 and m, which divide CA and CB harmon- 
ically. On the side BC of the triangle choose any two points, D and EF, which 
divide BC harmonically. Construct the conic K, tangent to AB at A, tan- 
gent tol at C and passing through D. Construct also the conic K,, tangent 
to AB at A, tangent to m at C, and passing through E. The two pencils of 
conics, which have four-pointic contact with K, and K, respectively ut A, 
determine the most general net of conics which has the property that its 
Laplacian transformed nets are projectively equivalent to it. 

Let us return to the general case, in which the three numbers a,, a,, a, are 
distinct. The curves of the net are, of course, anharmonic curves, using Hal- 
phen’s terminology, since the linear differential equations of the third order 
which define them have constant coefficients.* For every curve of this kind 
there exists a one-parameter group of collineations which converts it into itself, 
and in the general case this collineation group has an invariant triangle. From 
this remark it easily follows that the three points in which a tangent of the curve 
intersects the sides of the invariant triangle, together with its point of contact, 
will determine an anharmonic ratio, constant along the whole curve. This con- 
stant anharmonic ratio is an absolute invariant of the curve, but its expression 
in terms of the coefficients of the differential equation is irrational. In fact, the 
six values of this anharmonic ratio, which correspond to the different possible 
arrangements of the four points on the tangent, are the roots of the following 
equation of the sixth order 

2 3 3 
+ 

* Cf. equations (73) to (76) of the following paragraph. See also E. J. WILCZYNSKI, Pro- 

jective Differential Geometry, pp. 86-96. 


| 
| 
| 
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where 
63 3°(m + 2) 
9 


for the curves v = const. and 


3°(2 + 
(2m* + 3lm — 1)’ 


3 


(726) 


for the curves u = const.* 

It is not difficult to show that, when the invariant triangle and the value K 
of the unharmonic ratio which corresponds to a definite arrangement of the 
four points on the tangent are given, there exists a unique one-parameter family 
of anharmonic curves belonging to the given triangle and the given anharmonic 
ratio in the sense of the above theorem. This being so, we can describe our net 
in the general case [all roots of (59) distinct] as follows. 

Construct an arbitrary triangle. Let X% and X' be two numbers different 
from each other, from zero, from +1, 2 or 3.4 Construct the two one-param- 
eter families of anharmonic curves which have the given triangle as invariant 
triangle, and whose curves belong to the anharmonic ratios and X' respec- 
tively. Any net constructed in this way will be projectively equivalent with 
those obtained from it by Laplacian transformations. 

The assumption that ’ and 2’ shall be distinct does not imply that the 
invariants (72a) and (72) shall have different values. In fact, for a given 
value of the absolute invariant 63/6), (71) shows that there are six values of + 
no two of which coincide, except in the cases which have been excluded. 

The nature of the net in the intermediate case, when two roots of (59) coincide, 
but not all three, is most easily investigated as follows. Let 


be cartesian codrdinates. Then equations (67) may be written 


t, log y 4-(t, —t,)«#=@, 


where 
1 2 \2 
v, (t,—t,)u, 
t,t, 
or, more simply, 
ty—te)x (t)—te)x 
y= Ue , ye Ve *% , 
where 


* Loc. cit., pp. (58), (59), (88). 
t These values are excluded because they correspond to the cases in which the three quanti- 
ties a,, a), a; are not all distinct. 


ane) l 
y y? 
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so that the families « = const., v = const., coincide with the families U7 = const., 
V = const., respectively. 
In our case ¢, and ¢, are distinct, so that the equations may be written 


y= y= VB, 


where A and B are two distinct numbers, which may be thought of as being 
given arbitrarily. 

We therefore obtain a net of the desired character if we construct two 
exponential curves 

y= A’, y = 
with arbitrary, but distinct bases, and then magnify their ordinates in all 
possible ratios. The most general net of the kind considered is obtained from 
this one by projective transformation. 

It is of interest to notice the further result that the system of differential 
equations with constant coefficients which has presented itself in this theory is 
the most general completely integrable system of form (4) whose invariants are 
constants. This may be verified easily by making use of the integrability con- 
ditions in the form (14). 


§ 6. Osculating conics of curves of the net. 


An individual plane curve is characterized projectively by a linear differential 
equation of the third order. We now proceed to determine these equations for 
the curves w = const. and v = const. of a net when the latter is defined by a 
system of form (4). 


We have 
Yun = ay, + by, + Cy, 


and consequently by differentiation and making use of (4) 
= (dy + + + yy + (b, + ab + + (ey + ac + be')y. 


The elimination of y, between these two equations gives the desired equation for 
the curves v = const., viz., 

(73) + Yuu + + Psy = 9, 

where 


_ 1/4, 1 b,, 
P,=—3 a,— a7 +e+ab—al'), 
(74) 


b 
?,= be’ — 
Similarly we find the differential equations of the curves w = const., viz., 


(75) Your + 39, Yor + + = 9; 


i 
4 

| 
| 

i 

] 

{ 
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where 
1 a’ 
v , ” ” ” “ye 
=—, — 6” +¢ —ab 
3\a + ’ 3\ +c + ’ 
(76) 
}. 
a 
The seminvariants and semi-covariants of (73) are * 


(77) P,=P,— Pi — P, =p; — 3p, p, + 2pi — 
= P= You + Yu + 

the corresponding functions for (75) are 

(18) Qs = 93 — 89,92 + 


If we substitute into the expressions for 2, y =" (k=1, 2,3), where 
y¥”,y”, y® are three linearly independent solutions of system (4), 2” assumes 
three values which we interpret as the homogeneous codrdinates of a point. 
This point 2 will obviously be on the tangent of the curve v = const. con- 
structed at the point y. Similarly p“ represents a third point of the plane, 
and these three points will not be collinear unless y is a point of inflection of 
the curve v = const. under consideration. Any expression of the form 


(ua) u) 
4,27" + 4,p 


‘will then represent a point, whose codrdinates, referred to the triangle y, 2”, p\” 


may be chosen proportional to a,, a,, a, respectively. We shall prefer, how- 
ever, to use the notation 

a, =z,” (4=1, 8,3). 
Referred to this system of codrdinates, the equation of the conic having fourth- 
order contact with the curve v = const. at y is 


(79) ave — 4. ax 


We wish to find the equation of this same conic referred to the triangle of 
reference y, z, p whose geometrical significance in connection with a given net 
has already been discussed. In order to do this we must find the equations of 
transformation between the two systems of codrdinates. 

Let x,, x,, %, be the codrdinates of a point with respect to the triangle y, p> 


*E. J. WILCZYNSKI, Projective Differential Geometry, pp. 58, 59. 
t Ibid., p. 65. 
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o, and let x‘, #{, 2° be the codrdinates of the same point with respect to the 
triangle y, 2’, p”’. Then we must have 


where @ is a factor of proportionality. Now we find from the definition of 
these quantities the following relations : 


p=—(p, +5 )y +2", 
(80) _—ab—c+ ap, + — p, a+ 
= b 


Let these values be substituted into the preceding equation. The coefficients of 
y,2,p on both sides of the equation must be equal; otherwise we should 
find a linear homogeneous differential equation of the form 


Lyn. + Py, + Qy= 0 


satisfied by 7’, 7°, y; i. e., the curve v = const. considered would be a 
straight line, which case we shall exclude. The exceptional case suggested by 
(80), viz., 5=0, has the same significance. Obviously in this exceptional 
case there is no proper osculating conic. 

We obtain, therefore, the following equations of transformation 


, 1 , 
= 2,—(p, + (— ab—c + ap, + — p,)”,, 


9 


2 b 3 


lu) — 
OX, 


b 


The equation of the conic (79) referred to the new triangle of reference 
becomes therefore 


(82) 
+ (2, — 2ap, + a’ + 2a’b 2c ) = 0. 


Since our triangle of reference is a covariant triangle, the coefficients of this 
equation must be invariants of the net. In fact we find that equation (82) may 
be reduced to the following : 

(83) M = Wx; + — x, + ox? = 0, 


Trans. Am. Math. Soc. 34 


j 
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where 


(84) — 4B” + + 


In order to verify this statement, it is convenient to assume that system (4) is 
given in its canonical form, and to introduce for p, and p, their values from (74). 

In the same way we may find the equation of the conic which osculates the 
curve u = const. at the point y. We have, in this case, the relations 


[(— — bg, + 295 — — (29, + +] 


(85) 
+2", 
so that 
Or, = a” 


The equation of the conic which osculates the curve u = const. at the point 


y becomes 


(87) N po? + 40 + Wa? — 2" = 0, 
where 
(88) y= — + 24" + A’. 


Equations (83) and (87) enable us to interpret geometrically a number of 
invariants. 


The line x, = 9, i.e., the line which joins the points P, and P,, will inter- 


o? 
sect the conic M=0 in two points which divide P,P, harmonically if and 
only if © is equal to zero. Similarly the two points determined on P,P, by the 
conic N=0 divide P,P, harmonically if and only if X =0. The anhar- 
monic ratios which these two groups of four points determine, if 2{’ and ©’ are 
not zero, are easily expressible as absolute invariants. Zhe point P, is on the 
conic M=0 if and only if 6 =9; similarly y will vanish if and only if P, 
is on the conic N=0. 

Neither of the osculating conics is degenerate unless either 8 or 2” vanishes, 
i. e., unless the point of osculation is a point of inflection of the corresponding 
curve wv = const. or v = const. 


The line P,P, is tangent to M = 0 if and only if 


(89a) =0; 
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it is tangent to N = 0 if and only if 
(890) =0. 


The conics 17 = 0 and .V = 0, of course, have the point ? inecommon. The 
discriminant of the general conic 
AM+ upN=0 

of their pencil may be reduced to 


(90) + — 4A’ w+ (G—4W + Ww’, 


and the values of X: « which annul this expression will determine the degenerate 
conics of the pencil, and consequently the remaining three points of intersection 
of M=0and N=0. The two conies will touch each other if the discriminant 
of (90) vanishes. 

We have found the equations of the osculating conics of the curves of the net 
which meet at the point P, corresponding to the values w and v of the inde- 
pendent variables. We proceed to determine the osculating conics of the curves 
of the net in the vicinity of P,. 

Let us denote by y’, p’, o the vertices of the triangle which is obtained from 
y,p,o when the infinitesimal increments du and dv are given to w and v respec- 
tively. We shall have 

y=yty,du t+ y, bv, 


(91) p=p+p,du + p,dv, 


retaining only terms of the first order in du and év. Now let us assume that 
(4) is given in its canonical form. Then we find 


y=Ayte, 


Yu, =(C— B” + A’B)y— Bp 4+ Ba, 
(92) 
=(C'+2A'B )y + Ap t+ Bo, 
whence 
= p+ Bo, 
p, = Ky + A’p, 
(93) 


o,=lly+Bo, 
y+ A’ p—2A ce. 


The first and last of these equations provide us with geometrical interpreta- 
tions for the invariant equations © = 0 and ©” = 0 respectively. 


| 
i 
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If © =0, the curve described by P, as P, moves along a curve v = const. is 


such that its tangent at P, passes through P,. 
If ©’ =0, the curve described by P, as P,, moves along a curve u = const. 


is such that its tangent at P, passes through P,. 
We substitute the values just found for y,, ---, o, into (91), and obtain 


=y(1+ Bdu + A’ dv) + pdu + cdv, 
(94) p = y(Cdu + + p(1 —2B'bu + A’dv) + 
o =y(Hbu + dv) + pA” —2A’dv). 


Now let x, , x,, x, be the codrdinates of a point with respect to the triangle 
y,p,o, while x, #,, x, are the coordinates of the same point with respect to 


y,p,a. Then we shall have 

whence 

ox, = (1+ Bdu + A’dv)x, + (Cdu + + (Hdu + zx}, 
(95) ox, = du-x, +(1—2B'du + + A” 

ox, = dv-x + Bdu-x, + (1+ 
or inversely 

wx =2,— (Ba, + Cr, + Hx,) du —(A’x, + Kv, + dv, 
(96) wx, + dv, 

wx, = 2, —( Bu, + Bax,)du — (x, dv. 


The equation of the conic which osculates the curve v = const. of our net at 
the point (uw + du, v + dv), referred to the triangle 7’, p’, o’ will be 


ABB’ BY’ 
2BB,du + 2BB, Sv) ar + 4 ( BR’ + a ) du + ASS ) dv ) x. 
2 les 2 


Ov 
—2(B +B du + + (64+ $,8u + $,8v) = 0, 


If we introduce the values (96) of x, x, x; this equation may be reduced to 


(97) (1 + Sn ) M+ (+. 2R'6 — 211 ) + Pee 
where 

P = 2Bx? — —2(B, + A'B+ $) 2,7, + 2B(B, — A’'B) 2? 
(98) + 2(QB + + + — 2,2, 
+ — + 2BO” 
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If we allow y to move along a curve v = const., du = 0. The osculating conic 
of this curve remains unchanged if and only if 


(99) 88d, — 48,6 — + 6WH = 0. 


We see, therefore, that (99) is the necessary and sufficient condition for a net 


whose curves v = const. are conics. Similarly if 
BUY, — 4p — 6Y" AY + = 0 


the curves u = const. will be conics. 
In general we see that the osculating conics of the curves v = const. in the 


vicinity of the point (w, v) belong to the two-parameter family of conics 
(101) w+ uM+r7P=0. 


The points of intersection of the conics J/ and P are of special interest. If 
they are fixed, the conics which osculate the curves v = const. at the points in 
which they meet a fixed curve uv = const., will form a pencil, but we shall not 
attempt at present to deduce the analytical conditions for this special case. 

We may of course obtain a formula similar to (97) for all of the conies which 
osculate the curves w = const. in the vicinity of a given point(w,v). It is 
clear that these two systems of conics together with their Jacobians and their 
other covariants must give rise to a very large number of relations. The 
exhaustive discussion of these will not here be attempted. We are satisfied 


in so far as we have reduced the problem to a purely algebraic one. 


$7. Differential equations of the net in line-codrdinates. 
Let 
=f (u,v) (4=1, 2,3) 


be the finite equations of the net, the triangle of reference being arbitrary. 
The equations of the lines tangent to the curves v = const. and wv = const. at 
the point (w, v) will be 


=0 and y) xy =0 


respectively, or 


+ and 4 Z%x,4 22, =0, 


where Y and Z\"’, the coordinates of these two lines, are binary determinants 
of the types 

(102) 


t 
| 
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respectively. We propose to find the systems of partial differential equations 
determined by and Z', Z”, respectively. 
We find by differentiation 
Y,=a¥ 


(103) 
where 
(104) W=|y. 


We find further 
W,= (a+ 


(105) 
Consequently we shall have 
4+(b,4+ab4 
=(a,+ aad + ) + + ab’ + bb” )Z —aWw 
(106) 


=(a,+aa +ab'+c)¥ 
Y,, =(a,t+a°+ alte’) V+ (bi +b") W, 
the two values of Y’,, being identical on account of (5), and 
+a +a —c)¥ 4+ (b 40° 4+ 
+a a +b") Z-a'W. 
From (103) we have 
bZ=—aY+YF,, a’ You—b’'Z+Z,, 
(108) +0 
a’ 


which values substituted in (106) and (107) will give the desired two systems of 
partial differential equations. We find in this way: 
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[ ba’, — ab’, + '(a"b — ab”) + be” + ac’ + (a + b")(ab'— 


Tf we assume that the system (4) is written in its canonical form, we may 
write more simply 
V,,=(2 + BY,+(- B.+B Bt 24°B+ 2B 


B, 
(109) = (- A’ + (- Bay t+ 
+ A’ +A" B + 
and similarly 


H 
Z,,= BZ, Z.+ (c+ Bi + B-— 


A” A’ 

(1) + (- B+ + (- A, 
A” P 

= — + ( A’ + (- A+ + 2A°B+2A*)Z, 


where, of course, A” and B are assumed to be different from zero. 

Neither of these systems is in its canonical form. According to the develop- 
ments of section 2 we may reduce them to their canonical form by the substi- 
tutions 


(111) Y= \BY, Z=\A%. 


Let us denote the coefficients of the new systems, i. e., the seminvariants of 
(109) and (110) by a, B™, «++ and a” ..- respectively. Then 
we shall have 


> 3 B a m—A + 3 B 

B =— B B = A —3 


B, 5 Be 1 B.,, 


(112) ¥°=2A’B4+2B + 3B Bu 4B. + 
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u 


Bt 3 
B. 1KB 


B-~3BBtAt 


=A’ B-A'R 4A 


+ 3A’ 


and 


1B y A” 


A'H A’ A’, 2 (= 
A’’ 


A" B— A'B + 3A’ 


= 2A" B 4 2(A 44’ — — + 

These equations will obviously be of service whenever we wish to characterize 
a net by properties of the tangents of its curves. By means of (109) the lines 
of the plane are assembled in two different ways; those for which v has a con- 
stant value ¢ are tangent to the curve v = ¢ of our original net ; those for which 
wu has a constant value are tangent to a curve of the first Laplacian transformed 
net. By means of equations (110) the lines of the plane are grouped in a 
similar way with reference to the curves uv = const. of the original net and the 
minus first Laplacian transformed net. 

In this whole theory we might, of course, adopt a dual interpretation. Instead 
of a net we should then have two one-parameter families of curves so related 
that, for every line of a certain domain, there exists one curve of each family 
tangent to it. We have seen instances of such a relation in the theory of the 
Laplacian transformation. 
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VoLuME 10. 


Page 315. W. B. Fire: Jrreducible homogeneous linear groups in an arbi- 
trary domain. 

The results of this article are embodied in the theorem, A necessary and suf- 
ficient condition that any group of finite order be simply isomorphic with an 
irreducible group in any domain is that its central be cyclic. But that this 
condition is not sufficient is shown by the following example to which Professor 
BurnsIDE has kindly called my attention, namely the group defined by the 
operations A, ?, Q, and /2 with the following relations: 

P'=1, @=1, R"=1 (n any positive integer), A“'PA= P’, 
A"QA=(Q, and with P, and commutative among 
themselves. 

The argument rests upon the supposed fact that 7, > 1, and I can now see no 
reason why it might not equal unity. 

I have been unable to determine what is both a sufficient and a necessary 
condition that a group of finite order may be simply isomorphic with an irredu- 
cible group. It is easy however to give sufficient conditions that are not neces- 
sary ones ; for example, in order that a group of finite order be simply isomorphic 
with an irreducible group it is sufficient that its direct product with some group 
of finite order be simply isomorphic with an irreducible group. 


VoLuME 11. 


Page 489. G. E. Wanuin: On the base of a relative number field, with an 

application to the composition of fields. 

The assertion that O( is prime to J, is not true for every }. I wish there- 
fore to replace lines T-19 of p. 489 by the following. 

Since o!) = @,/D,(%) is an integer in A, @, is divisible by D,(#), and 
consequently also by O,. That is, 


From the fact,* that if J and -/, are two ideals in a number field, then there 


exists an ideal J’ such that JJ’ is a principal ideal and J’ is prime to /,, we 
know that there exists in & an ideal J,, prime to [D,()] and such that 


* DIRICHLET: Vorlesungen iiber Zahlentheorie, vierte Auflage, p. 559, Theorem XI. 
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O,-J,=(a),a principal ideal. In the same way there exists an ideal J-, 
prime to [ D,(#)], such that = (8), a principal ideal, and since J, and 
J. are both prime to D,(), 8 is prime to D,(#). 

Since (8) = and (a2) =O,-/J, and since @, is divisible by O_, it fol- 
lows that So, is divisible by (a), and must therefore be a multiple of a, and 


Bo, + BOS + + 
a 
is an integer in Kk. 
But since @, and O'') are both divisible by O, it follows that 
X = + OPI + =o, 

must be divisible by O, and therefore, in the same way as above, we see that 
8X /a is an integer in K,and 2? = 8O)/a an integer ini‘. We can now write 

x + BOs" XxX 

and since O, is the highest common factor of and D,( the ideals O, 


and J. = D,(#)/O, ave relatively prime, and since 8 is prime to /,, it follows 


that # is prime to J, and there exists in / an integer J?’ such that 
RR=1(L,). 
We have therefore 
RBX 
a 8 @ 


+ 2 0,(1,), 


where 
TBO? + RBOVI+ 
a 
Since @, is divisible by D,(), and a contains no other factor of D,(?) 
than O,, we see that the integer 8@,/ must be divisible by Z, and from the 


last congruence we have 


rT? 


0, 


O(L,). 


While 2, = 2,/D,(#) is not necessarily an integer in A, the products 0,-0.2 
and 2.,-D, (+) are both integers in A. Moreover, since 8 is divisible by J, and 
since D,() and O}) are both divisible by O,, the coefficients R’8O%? when 
multiplied by 0.) or D,() will be divisible by a and the integers 0,.-D, (+) and 
_- O. are therefore of the form @,'’. The number 2, thus found can therefore 
take the place of the ©, in my original paper. 


